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UNIFORM K-STABILITY, DUISTERMAAT-HECKMAN MEASURES AND 

SINGULARITIES OF PAIRS 

SEBASTIEN BOUCKSOM, TOMOYUKI HISAMOTO, AND MATTIAS JONSSON 


Abstract. The purpose of this paper is to set up a formalism inspired by non-Archimedean 
geometry to study K-stability. We first provide a detailed analysis of Duistennaat-Heckman 
measures in the context of test configurations for arbitrary polarized schemes, characterizing 
in particular almost trivial test configurations. Second, for any normal polarized variety (or, 
more generally, polarized pair in the sense of the Minimal Model Program), we introduce 
and study non-Archimedean analogues of certain classical functionals in Kahler geometry. 
These functionals are defined on the space of test configurations, and the Donaldson-Futaki 
invariant is in particular interpreted as the non-Archimedean version of the Mabuchi func¬ 
tional, up to an explicit error term. Finally, we study in detail the relation between uniform 
K-stability and singularities of pairs, reproving and strengthening Y. Odaka’s results in our 
formalism. This provides various examples of uniformly K-stable varieties. 
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Introduction 

Let ( X, L ) be a polarized complex manifold, i.e. a smooth complex projective variety X 
endowed with an ample line bundle L. Assuming for simplicity that the reduced automor¬ 
phism group Aut(A, L)/C* is discrete (and hence finite), the Yau-Tian-Donaldson conjecture 
predicts that the first Chern class c\ (L) contains a constant scalar curvature Kahler metric 
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(cscK metric for short) iff ( X , L ) satisfies a certain algebro-geometric condition known as In¬ 
stability. Building on [DonOll IAP06] , it was proved in [Sto09j that K-stability indeed follows 
from the existence of a cscK metric. When c\(X) is a multiple of ci(L), the converse was 
recently established ( {CDS15 ). see also jTial5j l: in this case a cscK metric is the same as a 
Kahler-Einstein metric. 

In the original definition of |Don02j . (X,L) is K-semistable if the Donaldson-Futaki in¬ 
variant DF(A,£) of every (ample) test configuration {X,C) for (X,L) is non-negative, and 
K-stable if we further have DF(A, C) = 0 only when X = X x C is trivial (and hence C = p\L 
with C* acting through a character). However, as pointed out in [LX14j . (X,L) always ad¬ 
mits test configurations (Y,£) with X non-trivial, but almost trivial in the sense that its 
normalization X is trivial. Such test configurations automatically satisfy DF (X,C) = 0, and 
the solution adopted in jStolll IOdal5] was therefore to replace ‘trivial’ with ‘almost trivial’ 
in the definition of K-stability. 

On the other hand, G. Szekelyhidi [SzeOG, Szel5] proposed that a uniform notion of K- 
stability should be used to formulate the Yau-Tian-Donaldson conjecture for general polar¬ 
izations. In this uniform version, DF(A,£) is bounded below by a positive multiple of the 
L p - norm ||(Y, £)|| p . Since uniform K-stability should of course imply K-stability, one then 
faces the problem of showing that test configurations with norm zero are almost trivial. 

In the first part of the paper, we prove that this is indeed the case. In fact, the L p - 
norm \\(X, C)\\ p of a test configuration ( X , C) can be computed via the Duistermaat-Heckman 
measure DH^ £) associated to the test configuration. We undertake a quite thorough study 
of Duistermaat-Heckman measures and prove in particular that DH(^£) is a Dirac mass iff 
(X,£) is almost trivial. 

The second main purpose of the paper is to introduce a non-Archimedean perspective 
on K-stability, in which test configurations for (Y, L ) are viewed as non-Archimedean met¬ 
rics on (the Berkovich analytification with respect to the trivial norm of) L. We introduce 
non-Archimedean analogues of many classical functionals in Kahler geometry, and interpret 
uniform K-stability as the non-Archimedean counterpart of the coercivity of the Mabuchi 
K-energy. 

Finally, in the third part of the paper, we use this formalism to analyze the interaction 
between singularities of pairs (in the sense of the Minimal Model Program) and uniform 
K-stability, revisiting Y. Odaka’s work |Odal2al IOdal3bl IOSal2l IQSull| . 

We now describe the contents of the paper in more detail. 

Duistermaat-Heckman measures. Working, for the moment, over any arbitrary alge¬ 
braically closed ground field, let (Y, L) be a polarized scheme, i.e. a (possibly non-reduced) 
scheme X together with an ample line bundle L on X. Given a G m -action on (Y, L), let 
H°(X,mL ) = H a (X, m,L)\ be the weight decomposition. For each d G N, the finite 

sum ^ d dim H°(X, mL)\ is a polynomial function ofm> 1, of degree at most dim X+d 

(cf. Theorem |3.1[ as well as Appendix B). 

Setting N m := dim H°(X,mL), we get, as a direct consequence, the existence of the 
Duistermaat-Heckman measure 

dh (x,l) := lim -^^2dimH°(X,mL) x 6 m -i x , 

v ' m^roo iVm z — 
m Aez 
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a probability measure with compact support in M describing the asymptotic distribution as 
m —> oo of the (scaled) weights of H°(X,mL), counted with multiplicity. The Donaldson- 
Futaki invariant DF(X, L) appears in the subdominant term of the expansion 

J ^r = ^rY / rn ~ 1XdimH0 (X,mL) x = [ ADH (x>L) (dA)-(2m)- 1 DF(X,L) + 0(m- 2 ), 

where w m is the weight of the induced action on the determinant line det H° ( X , mL). 

Instead of a G m -action on (X,L), consider more generally a test configuration (X,C) 
for (X,L), i.e. a G m -equivariant partial compactification of (X,L) x (A 1 \ {0}). It comes 
with a proper, flat, G m -equivariant morphism n: X — > A 1 , together with a G m -linearized 
Q-line bundle C extending p\L on X x (A 1 \ {0}). When the test configuration is ample, 
i.e. £ is 7r-ample, the central fiber (Ao,£o) is a polarized G m -scherne, and the Duistermaat- 
Heckman measure DH(^ £) and Donaldson-Futaki invariant DF(-T,£) are defined to be those 
of (-To, Lfi). 

In the previous case, where ( X , L ) comes with a G m -action, the Duistermaat-Heckman mea¬ 
sure and Donaldson-Futaki as defined above coincide with those of the corresponding product 
test configuration (X,L) x A 1 with the diagonal action of G m . Such a test configuration is 
called trivial if the action on X is trivial. 

Our first main result may be summarized as follows. 


Theorem A. Let {X,L) be a polarized scheme and (X,C) an ample test configuration for 
(X,L), with Duistermaat-Heckman measure 

(i) The absolutely continuous part of DH^£) has piecewise polynomial density, and its 
singular part is a finite sum of point masses. 

(ii) The measure DH^^) is a finite sum of point masses iff (X, C) is almost trivial in 
the sense that the normalization of each top-dimensional irreducible component of X 
is trivial. 


The piecewise polynomiality in (i) generalizes a well-known property of Duistermaat- 
Heckman measures for polarized complex manifolds with a C*-action [DH82] , In (ii), the 
normalization of X is viewed as a test configuration for the normalization of X. The notion 
of almost triviality is compatible with the one introduced in jStoll .. Odal5j for X reduced 


and equidimensional, cf. Proposition 2.11 


In Theorem A, X is a possibly non-reduced scheme. If we specialize to the case when X is 
a (reduced, irreducible) variety, Theorem A and its proof yield the following characterization 
of almost trivial test configurations: 


Corollary B. Let (X,L) be a polarized variety and (X,C) an ample test configuration for 
(X,L), with Duistermaat-Heckman measure DH (x,c)- Then the following conditions are 
equivalent: 

(i) the Duistermaat-Heckman measure DH(^ £) is a Dirac mass; 

(ii) for some (or, equivalently, any) p E [l,oo], we have ||(-T,£)|| P = 0; 

(iii) ( X , C) is almost trivial, that is, the normalization (.X, C) is trivial. 

Here the L p -norm ||(-T,£)|| p is defined, following [ Don05 . IWN121 His 12 . as the IP norm 
of A i —> A — A with respect to DH(^ £), where A is the barycenter of this measure. 
















4 


SEBASTIEN BOUCKSOM, TOMOYUKI HISAMOTO, AND MATTIAS JONSSON 


Uniform K-stability and non-Archimedean functionals. A polarized scheme (X,L) is 
K-semistable if DF(A, £) > 0 for each ample test configuration. It is K-stable if, furthermore, 
DF(A, £) = 0 only when (A, £) is almost trivial, in the sense of Theorem A (ii). 

Assume from now on that X is irreducible and normal. By Corollary B, the almost triviality 
of an ample test configuration can then be detected by the L p - norm ||(A, £)|| p with p £ [1, oo]. 
We say that (X,L) is L p -uniformly K-stable if DF(A,£) > <5||(A,£)|| p for some uniform 
constant 5 > 0. For p = 1, we simply speak of uniform K-stability, which is therefore implied 
by £ p -uniform K-stability since ||(A,£)|| P > ||(A,£)||i. 

These notions also apply when ((X, B)\L) is a polarized pair, consisting of a normal po¬ 
larized variety and a Q-Weil divisor on X such that K( X ,b) '■= K x + B is Q-Cartier, using 
the log Donalds on-Futaki invariant DFs(A,£) of a test configuration (A,£). We show that 


L p -uniformly K-stability can in fact only hold for p < (cf. Proposition 8.5). 

One of the points of the present paper is to show that (L 1 -)uniform K-stability of polar¬ 
ized pairs can be understood in terms of the non-Archimedean counterparts of well-known 
functionals in Kahler geometry. In order to achieve this, we interpret a test configuration for 
(. X, L ) as a non-Archimedean metric on the Berkovich analytification of L with respect to the 
trivial norm on the ground field, see ^6} In this language, ample test configurations become 
positive metrics. 

Several classical functionals on the space of Hermitian metrics in Kahler geometry have 
natural counterparts in the non-Archimedean setting. For example, the non-Archimedean 
Monge-Ampere energy is 

where V = ( L n ), (A, £) is the natural G m -equivariant compactihcation of (A, £) over IP 1 and 
DH (x,C) is the Duistermaat-Heckman measure of (A,£). The non-Archimedean J-energy is 


J 


NA 


(A,£) = A max - £ na (A,£) = A max - [ ADH ( * j£) (dA) > 0, 

Jr 


with A max the upper bound of the support of DH(^£). We show that this quantity is equivalent 
to the id-norm in the following sense: 


c n J NA (A,£) < ||(A, £)||i < 2 J na (A, £) 


NA^ 


for some numerical constant c n > 0. 

Given a boundary B, we define the non-Archimedean Ricci energy i?^ A ( A, £) in terms of in¬ 
tersection numbers on a suitable test configuration dominating (A, £). The non-Archimedean 
entropy Zf^ A (A,£) is defined in terms of the log discrepancies with respect to (X, B ) of cer¬ 
tain divisorial valuations, and will be described in more detail below. 

The non-Archimedean Mabuchi functional is now defined so as to satisfy the analogue of 
the Chen-Tian formula (see [CheflOj and also |BB14I. Proposition 3.1]) 

M£ A (A, £) = ^ a (A, £) + R^ a ( A, £) + S b E^ a ( A, £) 


with 

S B := -nW 1 (K {XtB) • L n ~ l ) , 

which, for X smooth over C and B = 0, gives the mean value of the scalar curvature of any 
Kahler metric in ci(L). The whole point of these constructions is that M B A is essentially 
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the same as the log Donaldson-Futaki invariant^ We show more precisely that every normal, 
ample test configuration (X, C) satisfies 

DF B (X,C) = M% A (X,C) + V- 1 ((Ab - A^ed) ■ £ n ) ■ (0.1) 

Further, M B A is homogeneous with respect to G m -equivariant base change, a property which 
is particularly useful in relation with semistable reduction, and fails for the Donaldson-Futaki 
invariant when the central fiber is non-reduced. Using this, we show that uniform K-stability 
of ((X, B)] L) is equivalent to the apparently stronger condition M B A > 6J NA , which we 
interpret as a counterpart to the coercivity of the Mabuchi energy in Kahler geometry |Tia97| . 

The relation between the non-Archimedean functionals above and their classical counter¬ 
parts will be systematically studied in |BHJ16j . Let us indicate the main idea. Assume ( X , L) 
is a smooth polarized complex variety, and B = 0. Denote by B the space of Kahler metrics 
on L and by 'H NA the space of non-Archimedean metrics. The general idea is that 7i NA plays 
the role of the ‘Tits boundary’ of the (infinite dimensional) symmetric space T~L. Given an 
ample test configuration (X , C) (viewed as an element of B NA ) and a smooth ray (</>s)se(o,+oo) 
corresponding to a smooth S' 1 -invariant metric on C, we shall prove in |BHJ16] that 

lim ^t?l = F NA (X,£), (0.2) 

•s—>+oo S 

where F denotes the Monge-Ampere energy, J-energy, entropy, or Mabuchi energy functional 
and T na is the corresponding non-Archimedean functional defined above. In the case of the 
Mabuchi energy, this result is closely related to [PT061 PT09. RRS08] . 

Singularities of pairs and uniform K-stability. A key point in our approach to K- 
stability is to relate the birational geometry of X and that of its test configurations using the 
language of valuations. 

More specifically, let (X, L ) be a normal polarized variety, and ( X , C) a normal test con¬ 
figuration. Every irreducible component E of Xq defines a divisorial valuation ord^; on the 
function field of X. Since the latter is canonically isomorphic to k(X x A 1 ) ~ k(X)(t), we may 
consider the restriction r(orde) of orde to k(X); this is proved to be a divisorial valuation as 
well when E is non-trivial, i.e. not the strict transform of the central fiber of the trivial test 
configuration. 

This correspondence between irreducible components of Xq and divisorial valuations on 
X is analyzed in detail in Q In particular, we prove that the Rees valuations of a closed 
subscheme Z C X, i.e. the divisorial valuations associated to the normalized blow-up of X 
along Z, coincide with the valuations induced on X by the normalization of the deformation 
to the normal cone of Z. 

Given a boundary B on X, we define the non-Archimedean entropy of a normal test 
configuration ( X , C) mentioned above as 

H^ a {XX) = V~ l Y, A {x>B) (r(oid E ))(E ■ £"), 

E 

the sum running over the non-trivial irreducible components of Xq and A^x,b)( v ) denoting 
the log discrepancy of a divisorial valuation v with respect the pair (X,B). Recall that the 

' The interpretation of the Donaldson-Futaki invariant as a non-Archimedean Mabuchi functional has been 
known to Shou-Wu Zhang for quite some time, cf. IPRS081 Remark 6]. 
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pair (X,B) is log canonical (lc for short) if A(x,b)( v ) > 0 for all divisorial valuations on X, 
and Kawamata log terminal (kit for short) if the inequality is everywhere strict. Our main 
result here is a characterization of these singularity classes in terms of the non-Archimedean 
entropy functional. 

Theorem C. Let (X,L) be a normal polarized variety, and B an effective boundary on X. 
Then (X,B) is lc (resp. kit) iff Hg A (X,£) > 0 (resp. > 0) for every non-trivial normal, 
ample test configuration (X,C). In the kit case, there automatically exists 6 > 0 such that 
A (X,C) > 5J NA {X,£) for all (X,£). 

The strategy to prove the first two points is closely related to that of |i Odal3b j. In fact, 
we also provide a complete proof of the following mild generalization (in the normal case) of 
the main result of loc.cit: 


((X, B)\ L) K-semistable ==> (X,B) lc. 

The non-normal case is discussed in £ |9.4| If ( X , B) is not lc (resp. not kit), then known results 
from the Minimal Model Program allow us to construct a closed subscheme Z whose Rees 
valuations have negative (resp. non-positive) discrepancies; the normalization of the deforma¬ 
tion to the normal cone of Z then provides a test configuration (X,£) with H^ A (X , C) < 0 
(resp. < 0). To prove uniformity in the kit case, we exploit the the strict positivity of the 
global log canonical threshold let((A, R);L) of ((A, R);L). 

As a consequence, we are able to analyze uniform K-stability in the log Kahler-Einstein 
case , i.e. when Ktx,B) is numerically proportional to L. 


Corollary D. Let (A, L) be a normal polarized variety, B an effective boundary, and assume 
that K( X ,b) = AL with A G Q. 

(i) If A > 0, then ((A, B)\L) is uniformly K-stable iff (X,B) is lc; 

(ii) If A = 0, then ((A, B)\L ) is uniformly K-stable iff (A, B) is kit; 

(iii) If A < 0 and let ((A, B); L) > then ((A, B);L) is uniformly K-stable. 


This result thus gives ‘uniform versions’ of |Odal2al [QSal2 ], 

In the last case, when —K^x,b) is ample, we also prove that uniform K-stability is equivalent 
to uniform Ding stability , defined as D^ A > dJ NA , where Z) NA is the non-Archimedean Ding 
functional that appeared in the work of Berman [Berm H; see also |BB.T15l |Fujl5b[ |Fujl6| . 


Relation to other works. Since we aim to give a systematic introduction to uniform K- 
stability, and to set up some non-Archimedean terminology, we have tried to make the expo¬ 
sition as self-contained as possible. This means that we reprove or slightly generalize some 
already known results |Odal2al IOdal3bl IOSal2[ ISunl3i IQSullj . 

During the preparation of the present paper, we were informed of R. Dervan’s independent 
work |Derl5bj fsee also |Derl5a| l. which has a substantial overlap with the present paper. 
First, when A is normal, ample test configurations with trivial norm were also character¬ 
ized in [Derl5bl Theorem 1.3]. Next, the minimum norm introduced in loc.cit turns out to 
be equivalent to our non-Archimedean J-functional, up to multiplicative constants (cf. Re¬ 
mark 7.12). As a result, uniform K-stability with respect to the minimum norm as in |Derl5b| 
is the same as our concept of uniform K-stability. Finally, Corollary C above is to a large 
extent contained in |Derl5bl §3] and |Derl5a| . 

Several papers exploring K-stability through valuations have appeared since the first version 
of this paper. We mention in particular |Fujl5a Fuji5b Fujl6 IFQ161 ILil5l ILil61 lLiul6| . 
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Structure of the paper. Section [I] gathers a number of preliminary facts on filtrations and 
valuations, with a special emphasis on the Rees construction and the relation between Rees 
valuations and integral closure. 

In Section [2] we provide a number of elementary facts on test configurations, and discus in 
particular some scheme theoretic aspects. 

Section [3] gives a fairly self-contained treatment of Duistermaat-Heckman measures and 
Donaldson-Futaki invariants in the context of polarized schemes. The existence of asymptotic 
expansions for power sums of weights is established in Theorem 3.1, following an idea of 
Donaldson. 

The correspondence between irreducible components of the central fiber of a normal test 
configuration and divisorial valuations on X is considered in Section [4j In particular, Theo¬ 
rem |T8] relates Rees valuations and the deformation to the normal cone. 

Section [5] contains an in-depth study of Duistermaat-Heckman measures in the normal case, 
leading to the proof of Theorem A and Corollary B. 

Certain non-Archimedean metrics on L are introduced in Section [6] as equivalence classes 
of test configurations. This is inspired by |BFJ16l lBFJ15al [BFJ15b| . 

In Section [7] we introduce non-Archimedean analogues of the usual energy functionals and 
in Section [8] we use these to define and study uniform K-stability. In the Fano case, we relate 
(uniform) K-stability to the notion of (uniform) Ding stability. 

Section [9] is concerned with the interaction between uniform K-stability and singularities 
of pairs. Specifically, Theorem 9.1 and Theorem |9.2| establish Theorem C as well as the 


generalization of (Odal3b) mentioned above. Corollary D is a combination of Corollary 9.3 


Corollary 9.4 and Proposition 9.17 


Finally, Appendix A provides a proof of the two-term Riemann-Roch theorem on a normal 
variety, whose complete proof we could not locate in the literature, and Appendix B sum¬ 
marizes Edidin and Graham’s equivariant version of the Riemann-Roch theorem for schemes, 


yielding an alternative proof of Theorem 3.1 
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1. Preliminary facts on filtrations and valuations 

We work over an algebraically closed field k, whose characteristic is arbitrary unless other¬ 
wise specified. Write G m for the multiplicative group over k and A 1 = Spec k[t] for the affine 
line. The trivial absolute value \ ■ |o on k is defined by |0|o = 0 and |c|o = 1 for c G k*. 

All schemes are assumed to be separated and of finite type over k. We restrict the use of 
variety to denote a reduced and irreducible scheme. A reduced scheme is thus a finite union 
of varieties, and a normal scheme is a disjoint union of normal varieties. 

By an ideal on a scheme X we mean a coherent ideal sheaf, whereas a fractional ideal is a 
coherent Ox-submodule of the sheaf of rational functions. 
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If A is a scheme and L a line bundle on A, then O m -action on (A, L) means a G m -action on 
X together with a G m -linearization of L. This induces an action on ( X,rL) for any r £ Z>o. 
If L is a Q-line bundle on X, then a G m -action on ( X , L) means a compatible family of actions 
on ( X,rL ) for all sufficiently divisible r £ Z>o- 

A polarized scheme (resp. variety) is a pair (A, L) where A is a projective scheme (resp. 
variety) and L is an ample Q-line bundle on A. 

1.1. Norms and filtrations. Let V be a finite dimensional k-ve ctor space. In this paper, a 
filtration of V will mean a decreasing, left-continuous, separating and exhaustive M-indexed 
filtration F*V. In other words, it is a family of subspaces (F X V )\ & r of V such that 

(i) F X V C F X 'V when A > A; 

(ii) F x V = n y<x F x 'V- 

(iii) F X V = 0 for A 3> 0; 

(iv) F X V = V for A < 0. 

A Z -filtration is a filtration F*V such that F X V = F^ X ^V for A £ M. Equivalently, it is a 
family of subspaces (F x V)\ e % satisfying (i), (iii) and (iv) above. 

With these conventions, filtrations are in one-to-one correspondence with non-Archimedean 
norms on V compatible with the trivial absolute value on k, i.e. functions || • ||: V —> R+ such 
that 

(i) ||s + s'|| < max{||s||, ||s'||} for all s, s' £ V; 

(ii) ||cs|| = |c|o • |s|| = |H| for all s £ V and c £ k *; 

(iii) j|s|| = 0 s = 0. 

The correspondence is given by 

— log ||s|| = sup |A £ M | s £ F a I/| and E A I/= |s £ F | ||s|| < e _A | . 

The successive minima of the filtration F'V is the decreasing sequence 

-^max = Ai > • • • > A TV = Aniii 

where N = dim V, defined by 

A j = max | A £ M | dimF A F > j| . 

From the point of view of the norm, they are indeed the analogues of the (logarithmic) 
successive minima in Minkowski’s geometry of numbers. Choosing a basis (sfi) compatible 
with the flag F Xl V C • • • C F Xn V diagonalizes the associated norm || • ||, in the sense that 

II^^CjSiH = max |ci|oe~ Ai . 

Next let R := ®, ngN i?, n be a graded fe-algebra with finite dimensional graded pieces R m . 
A filtration F*R of R is defined as the data of a filtration F*R m for each m, satisfying 

F x R m • F x 'R m , C F x+x 'R m+m t 

for all A, A' £ M and to, to' £ N. The data of F*R is equivalent to the data of a non- 
Archimedean submultiplicative norm || • || on R, i.e. a non-Archimedean norm || • || m as above 
on each R, m . satisfying 

II'-’ * ^ llm+m 7 — ||'S||m||'S | m 1 

for all s £ R , m , s' £ R m ' ■ We will use the following terminology. 
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Definition 1.1. We say that a Z- filtration F*R of a graded algebra R is finitely generated 
if the bigraded algebra 

© F x R m 

(A,m)eZxN 


is finitely generated over k. 


The condition equivalently means that the graded £;[f]-algebra 


®(® 

meN \Aez 


t~ x F x R 



is finitely generated. 


1.2. The Rees construction. We review here a classical construction due to Rees, which 
yields a geometric interpretation of Z-filtrations. 

Start with a G m -linearized vector bundle V on A 1 , and set V = V\. The weight decompo¬ 
sition 

R°(A 1 ,V) = ®R°(A 1 ,V)a 
Aez 

yields a Z-filtration F*V, with F X V defined as the image of the weight-A part of H a ( A 1 , V) 
under the restriction map R°(A 1 ,V) —> V. Since t has weight —1 with respect to the G m - 
action on A 1 , multiplication by t induces an injection F X+1 V C F X V, so that this is indeed 
a decreasing filtration. 

Conversely, consider a Z-filtration F'V of a /c-vector space V. Then ®\ & j 1 t~ x F x V is a 
torsion free, finitely generated fc[f]-module. It can thus be written as the space of global sec¬ 
tions of a unique vector bundle V on A 1 = Spec k[t\. The grading provides a G m -linearization 
of V, and the corresponding weight spaces are given by H°( A 1 , V)a — t~ x F x V. 


Lemma 1.2. In the above notation, we have a G m -equivariant vector bundle isomorphism, 


V|ai\{ 0 } ^ V x (A 1 \ {0}) 


( 1 . 1 ) 


as well as 

V 0 ~ Grf V = © F x V/F x+l V. (1.2) 

Aez 

Intuitively, this says that V may be thought of as a way to degenerate the filtration to its 
graded object. 


Proof. To see that (1.1) holds, consider the fc-linear map ir: H°( A 1 , V) —> V sending t X v\ 
to XIa^a- This map is surjective since F X V = F for A < 0. 


If t ^ es i n tl ie 
kernel, then v\ = ica+i — w\ for all A, where w\ = — X^>a v u ^ F X V. Conversely, any 
element of the form ~ A (^A+i — wa), where w\ € F X V, is in the kernel of -it, and the 
set of such elements is equal to (t — 1)R°(A 1 , V). Thus ir induces an isomorphism between 
Vi = H°(A 1 ,V)/(t — 1)R°(A 1 , V) and V, which induces (1.1) using the G m -action. The proof 
of (1.2) is similar. □ 
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Using this, it is easy to verify that the two constructions above are inverse to each other, and 
actually define an equivalence of categories between Z-filtered, finite dimensional vector spaces 
F*V and G m -linearized vector bundles V on A 1 , related by the G m -equi variant isomorphism 

^(A 1 , V) ~0r A F A h. 

Aez 

Every filtered vector space admits a basis compatible with the filtration, and is thus (non- 
canonically) isomorphic to its graded object. On the vector bundle side, this yields (com¬ 
pare |Don05l Lemma 2]): 

Proposition 1.3. Every Gm-linearized vector bundle V on A 1 is Gm-equivariantly trivial, 
i.e. G m -isomorphic to Vo x A 1 with Vq the fiber at 0. 


For line bundles, the trivialization admits the following particularly simple description. 

Corollary 1.4. Let C be a G m -linearized line bundle on A 1 , and let A E Z be the weight of 
the G m -action on Co. For each non-zero v E C\, setting s(t) := t~ x (t ■ v ) defines a weight-X 
trivialization of C. 


Proof. While this is a special case of the above construction, it can be directly checked as 
follows. The section s' E H°( A 1 \ {0},£) defined by s'(t) := t ■ v defines a rational section 
of C. If we set /j, := ordo(s'), then vo ■= lim^o z~ fi s'(z) is a non-zero element of Co, which 
satisfies 

t ■ v o = lim z _fl (( tz ) • v) = F lim (tz)~ tl (( tz) ■ v ) = Fvq- 

Z —>0 2 —> 0 

It follows that p. coincides with the weight A of the G m -action on Co- □ 


We introduce the following piece of terminology. 


Definition 1.5. Let W = 0 AeZ W\ be the weight decomposition of a G m -module. The weight 
measure of W is defined as the probability measure 


hw := 


1 

dim W 


^^(dim W\)5\. 

Aez 


For later use, we record the following immediate consequence of (1.2). 


Lemma 1.6. Let V be a G m -linearized vector bundle over A 1 , and F*V the corresponding 
Z-filtration of the fiber V = V\. The weight measure /rv 0 °f the G m -module Vq then satisfies 


Tv 0 {x > A} 


dim FWV 
dim V 


for all A E M. 


1.3. Valuations. Let K be a finitely generated field extension of k, with n := tr. deg K/k , so 
that K may be realized as the function field of a (normal, projective) n-dimensional variety. 

Since we only consider real-valued valuations, we simply call valuation v on K a group 
homomorphism v : K* —> (M,+) such that v(f + g) > min {v(f), v(g)} and v\k* = 0 fZ5] . It is 
convenient to set u(0) = +oo. The trivial valuation utnv is defined by v tI iv(f) = 0 for all / E 
K*. To each valuation v is attached the following list of invariants. The valuation ring of v is 
O v := {/ E K | v(f) > 0}. This is a local ring with maximal ideal m„ := {/ E K \ v(f) > 0}, 
and the residue field of v is k(v) := O v /m v . The transcendence degree of v (over k) is 
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tr. deg(w) := tr. deg k(y)/k. Finally, the value group of v is r„ := v(K*) C M, and the rational 
rank of v is rat. rk(u) := diniQ (r„ (g) Q). 

If k C K' C K is an intermediate field extension, v is a valuation on K and v' is its 
restriction to K' , the Abhyankar-Zariski inequality states that 

tr. deg(u) + rat. rk(u) < tr. deg(i/) + rat. rk(i/) + tr. deg K/K'. (1.3) 

Taking K' = k, we get tr. deg(u) + rat. rk(u) < n, and we say that v is an Abhyankar 
valuation if equality holds; such valuations can be geometrically characterized, see [ELS031 
lKK05iriM12j . In particular, the trivial valuation is Abhyankar; it is the unique valuation with 
transcendence degree n. We say that v is divisorial if rat.rk(w) = 1 and tr. deg(u) = n — 1. 
By a theorem of Zariski, this is the case iff there exists a normal projective variety Y with 
k(Y) = K and a prime divisor F of Y such that v = cordi? for some c > 0. We then have 
k(v ) = k{F) and r„ = cZ. 

If A is a variety with k(X) = K, a valuation v is centered on X if there exists a scheme 
point £ £ X such that v > 0 on the local ring Gx,% and v > 0 on its maximal ideal. We 
also say v is a valuation on X in this case. By the valuative criterion of separatedness, the 
point £ is unique, and is called the center of v on X. If A is proper, the valuative criterion of 
properness guarantees that any v is centered on A. If a divisorial valuation v is centered on 
A, then v = cord^ where F is a prime divisor on a normal variety Y with a proper birational 
morphism /a: Y —> A; the center of v on A is then the generic point of p(F). 

For any valuation v centered on A, we can make sense of v(s) £ M+ for a (non-zero) 
section s £ H°(X,L) of a line bundle L on A, by trivializing L at the center £ of v on A 
and evaluating v on the local function corresponding to s in this trivialization. Since any two 
such trivializations differ by a unit at £, v(s) is well-defined, and v(s) > 0 iff s(£) = 0. 
Similarly, given an ideal a C Ox we set 

u(a) = inf{w(/) | / € aj. 

It is in fact enough to take the min over any finite set of generators of a^. We also set 
v(Z) := v(a), where Z is the closed subscheme defined by a. 

Finally, for later use we record the following simple variant of f I Si Theorem 10.1.6]. 

Lemma 1.7. Assume that X = Spec A is affine. Let S be a finite set of valuations on X, 
which is irredundant in the sense that for each v £ S there exists f £ A with v(f) < v'(f) for 
all v' £ S \ {u}. Then S is uniquely determined by the function hs(f) '■= min^ggu (/)■ 

Proof. Let S and T be two irredundant finite sets of valuations with hs = hx =: h. For 
each v £ S, w £ T set C v := {/ £ A \ h(f) = v(f)} and D w := {/ £ A \ h(f) = w(f)}, and 
observe that these sets are stable under finite products. For each v £ S, we claim that 
there exists w £ T with C v C D w . Otherwise, for each w there exists f w £ C v \ D w , i.e. 
v{f w ) = Kfw) < w(f w ). Setting / = fw, we get for each w' £ T 

w \f) = ^2 > 22 h = v = v (/) - M/)> 

wGT w€S w€S 

and taking the min over w' £ T yields a contradiction. 

We next claim that C v C D w implies that v = w. This will prove that S C T, and hence 
S = T by symmetry. Note first that v(f) = h(f) = w(f) for each / £ C v . Now choose g v £ A 
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with v(g v ) < v'(g v ) for all v' ^ v in S , so that g v G C v C D w . For each / G A, we then have 
v(g™f) < v'(g™f) for m S> 1, and hence < 7 ™/ eC„C D w . It follows that 

mv(g v ) + u(/) = v(c/”7) = w{9™f) = mw(g v ) + w(f) = mv(g v ) + w(/), 

and hence u(/) = rc(/). □ 

1.4. Integral closure and Rees valuations. We assume in this section that X is a normal 
variety. Let Zcla closed subscheme with ideal a C Ox- On the one hand, the normalized 
blow-up it: X -A X along Z is the composition of the blow-up of Z in X with the normalization 
morphism. On the other hand, the integral closure a of n is the set of elements / G Ox 
satisfying a rnonic equation f d + a\f d_1 + ■ ■ ■ + = 0 with aj G a-b 

The following well-known connection between normalized blow-ups and integral closures 
shows in particular that a is a coherent ideal sheaf. 

Lemma 1.8. Let Z C X be a closed subscheme, with ideal a C Ox, and let it: X -A X be 
the normalized blow-up along Z. Then D := 7r~ 1 (Z) is an effective Cartier divisor with —D 
iT-ample, and we have for each m G N: 

(i) O^(-mD) is it- globally generated; 

(ii) 7 r^O^(-mD) = a"L 

(hi) O^(-mD) = 0x^ = 0^-a m ; 

In particular, 7 r coincides with the normalized blow-up of a, and also with the (usual) blow-up 
of a m for any m 1 . 

We recall the brief argument for the convenience of the reader. 

Proof. Let g: X’ -A X be the blow-up along Z, so that g _1 (Z) = D' is a Cartier divisor 
on X' with — D' /i-very ample, and hence Ox i {—i r nD') /x-globally generated for all rn G N. 
Denoting by w. X —> X' the normalization morphism, we have v*D' = D. Since v is finite, 
it follows that — D is 7r-ample and satisfies (i), which reads O^(—rnD) = O^ ■ a m with 

dm, := 7 r*Ox(—mD). 

It therefore remains to establish (ii). By normality of X, O^(—mD) is integrally closed, 
hence so is a m . As a C ai, we have d m C of C a m , and hence a m C a m - 

The reverse inclusion requires more work; we reproduce the elegant geometric argument 
of (Lazl II.11.1.7]. Fix m. > 1. As the statement is local over X, we may choose a system 
of generators (/ 1 , ..., f p ) for a m . This defines a surjection 0^ p -A a m , which induces, after 
pull-back and twisting by —ID, a surjection 

Ox(—lD)® p -A (—(m + l)D) = a m ■ 0^{-lD) 

for any l > 1. Since — D is 7r-ample, Serre vanishing implies that the induced map 

af p = 7 uOx (-ID)® P -A a (m+/) = 1 (-(m + l)mD) 

is also surjective for l S> 1, i.e. a m ■ a; = But since a m+ i D a m ■ aj 3 a m ■ a;, a m acts 

on the finitely generated Ox-module a; by multiplication by a m , and the usual determinant 
trick therefore yields a m C a m . □ 
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Definition 1.9. Let Z C X be a closed subscheme with ideal a, and let ir: X —>• X be 
the normalized blow-up of Z, with D := i r _1 (Z). The Rees valuations of Z (or a) are the 
divisorial valuations ve = m-d^b) > w here E runs over the irreducible components of D. 

Note that ve{Z) = ve(o) = ve(D) = 1 for all E. We now show that the present definition 
of Rees valuations coincides with the standard one in valuation theory (see for instance IHS1 
Chapter 5]). The next result is a slightly more precise version of SHE Theorem 2.2.2, (3)]. 


Theorem 1.10. The set of Rees valuations of a is the unique finite set S of valuations such 
that: 

(i) E™ = f\es {/ G O x | v(f) > m} for all m G N; 

(ii) S is minimal with respect to (i). 


Proof of Theorem \ 1.1 0\ For each finite set of valuations S , set hs(f ) := min V esv(f)- Using 
that hs(f m ) = mhs(f), it is straightforward to check that any two sets S , S' satisfying (i) 
have hs = hs>- If S and S' further satisfy (ii), then they are irredundant in the sense of 
Lemma 1.7 which therefore proves that S = S'. 

It remains to check that the set S of Rees valuations of Z satisfies (i) and (ii). The first 


property is merely a reformulation of Lemma 1.8. Now pick an irreducible component E of D. 
It defines a fractional ideal 0^(E). Since —D is 7r-ample, and O ^(—mD) ■ O^(E) 

both become 7r-globally generated for m 3> 1. Since is strictly contained in 

Or.(-mh) • Oy(E), it follows that a m = 7r*0~(— mD) is strictly contained in 


7T* 


which proves (ii). 


{Oz(-mD)-Oz(E))c Pi {feO x \vE>(f)>m}.. 

E’^E 


□ 


Example 1.11. The Rees valuations of an effective Weil divisor D = aiDi on a normal 
variety X are given by Vi := ord , 1 < i < m. 

We end this section on Rees valuations with the following result. 


Proposition 1.12. Let it : Y —> X be a projective birational morphism between normal 
varieties, and assume that Y admits a Cartier divisor that is both n-exceptional and ir-ample. 
Then ir is isomorphic to the blow-up of X along a closed subscheme Z of codimension at 
least 2, and the divisorial valuations ordi? defined by the it- exceptional prime divisors F on 
Y coincide, up to scaling, with the Rees valuations of Z. 

This is indeed a direct consequence of the following well-known facts. 


Lemma 1.13. Let 7 t : Y —> X be a projective birational morphism between varieties with X 
normal. If G is a n-exceptional, ir-ample Cartier divisor, then: 

(i) —G is effective; 

(ii) supp G coincides with the exceptional locus of ir; 

(iii) form divisible enough, ir is isomorphic to the blow-up of the ideal a m ■= ir^OyirnG), 
whose zero locus has codimension at least 2. 

Conversely, the blow-up of X along a closed subscheme of codimension at least 2 admits a 
ir-exceptional, ir-ample Cartier divisor. 
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Assertion (i) is a special (=ample) case of the Negativity Lemma (KM981 Lemma 3.39]. 
The simple direct argument given here is taken from the alternative proof of the Negativity 
Lemma provided in lBdFF12l Proposition 2.12]. 

Proof. Set a m '■= Tt*Oy{mG), viewed as a fractional ideal on X. Since G is 7r-exceptional, 
every rational function in rr^Oy (mG) is regular in codimension 1, and a m is thus an ideal 
whose zero locus has codimension at least 2, by the normality of X. 

If we choose m 1 such that Oy{mG ) is 7r-globally generated, then we have Oy{mG) = 
Oy ■ a m C Oy, which proves (i). 

By assumption, suppG is contained in the exceptional locus E of ir. Since X is normal, 
7 r has connected fibers by Zariski’s main theorem, so E is the union of all projective curves 
C C Y that are mapped to a point of X. Any such curve satisfies G ■ C > 0 by the relative 
ampleness of G , and hence C C suppG since — G is effective. Thus suppG = E, proving (ii). 

Finally, the relative ampleness of G , implies that the Ox-algebra © meN a m is finitely 
generated, and its relative Proj over X is isomorphic to Y. The finite generation implies 
©/ e N a ml = © 2 gN a m for all m divisible enough, and applying Projx shows that X is isomor¬ 
phic to the blow-up of X along a m . □ 

1.5. Boundaries and log discrepancies. Let X be a normal variety. In the Minimal Model 
Program (MMP) terminology, a boundary B on X is a Q-Weil divisor (i.e. a codimension one 
cycle with rational coefficients) such that K^ x ,b) := A'x + B is Q-Cartier. Alternatively, one 
says that (X, B) is a pair to describe this condition, and K^ XB ) is called the log canonical 
divisor of this pair. In particular, 0 is a boundary iff X is Q-Gorenstein. If (X\ B') and ( X , B ) 
are pairs and /: X' —> X is a morphism, then we set K/ X t B ')/(x,B) = K(X',B') ~ f*K(X,B)- 

To any divisorial valuation v on X is associated its log discrepancy with respect to the pair 
(X,B), denoted by At x ,B){ v ) and defined as follows. For any proper birational morphism 
/x: Y —> X, with Y normal, and any prime divisor F of Y such that v = cord^, we set 

A(x,b)( v ) := c (l + ordi? (K y /(x,b))) 

with Ky/(xji) '■= Ky — E*K^ X b)■ This is well-defined (i.e. independent of the choice of pi), 
by compatibility of canonical divisor classes under push-forward. By construction, A( X m is 
homogeneous with respect to the natural action of M?j_ on divisorial valuations by scaling, i.e. 
a (x,b){cv) = cA ( x,s)(n) for all c > 0. 

As a real valued function on k(X)*, cv converges pointwise to the trivial valuation n tr iv as 
c —y 0. It is thus natural to set A(x m(utriv) : = 0. 

The pair (X,B) is sublc if A( X> b)( v ) ^ 0 for all divisorial valuations v. It is subklt if the 
inequality is strict. If B is furthermore effective, then (X,B) is Ic (or log canonical) and kit 
(Kawamata log terminal), respectively. If pi\ X' —> X is a birational morphism and B' is 
defined by K^ X ',B') = E*K(x,b) an d p*B f = B, then Ar X ',B') = A(x,b), so (X’,B') is subklt 
(resp. sublc) iff (X,B) is subklt (resp. sublc), but the corresponding equivalence may fail for 
kit or lc pairs, since B' is not necessarily effective even when B is. 

If ( X , B ) is a pair and D is an effective Q-Cartier divisor on X, then we define the log 
canonical threshold of D with respect to (X,B) as 

let (x,b){D) '■= sup {t E Q | ( X , B + tD) is subklt} , 

with the convention lct/x,/?) {D) = —oo if (X,B + tD) is not subklt for any t. Assume 
let (x,b)(D) > —oo. Since Ai XB +tD){ v ) = A( X ,b){ v ) — tv(D) for all divisorial valuations v on 
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A, we have 


1 ct(x,B)(^>) = inf 


A(x,b) ( v ) 

v(D) 


where the infimum is taken over v with v(D) > 0. 

When k has characteristic zero, we can compute lctrx,B)(D) using resolution of singularities. 
Pick a birational morphism p: X' —> X, with X' a smooth projective variety, such that if 
B' and D' are defined by K^ X '.b') = h*£(x,B), I 1 * B' = B and D' := p*D, then the union of 
the supports of B' and D' has simple normal crossings. Then lct(x,_B)(D) = let (x',B')(D') = 
minj Aix',B'){ m &Ei)/ ord ^(ZT), where Ei runs over the irreducible components of D l . 


2. Test configurations 


In what follows, X is a projective scheme over k, and L is a Q-line bundle on X. Most 
often, L will be ample, but it is sometimes useful to consider the general case. Similarly, it 
will be convenient to allow some flexibility in the definition of test configurations. 


Definition 2.1. A test configuration X for X consists of the following data: 

(i) a flat and proper morphism of schemes n: X —> A 1 ; 

(ii) a G m -action on X lifting the canonical action on A 1 ; 

(iii) an isomorphism X\ ~ X. 


By Proposition 2.6 below, X is automatically a variety (i.e. reduced and irreducible) when 
X is. The central fiber Xq := 7r _1 (0) is an effective Cartier divisor on X by the flatness of vr. 

Given test configurations X, X' for X, the isomorphism X[ ~ X ~ X\ induces a canonical 
G m -isornorphism X’\X( ~ X\Xq. We say that X' dominates X if this isomorphism extends to 
a morphism X' -A X. When it is an isomorphism, we abuse notation slightly and write X' = X 
(which is reasonable given that the isomorphism is canonical). Any two test configurations 
X\, X 2 can be dominated by a third, for example the graph of X\ ---> X 2 . 


Definition 2.2. A test configuration (A,£) for (X,L) consists of a test configuration X for 
X, together with the following data: 

(iv) a G m -linearized Q-line bundle L on X; 

(v) an isomorphism (X\,C\) ~ (X,L) extending the one in (iii). 

By a G m -linearized Q-line bundle C as in (iv), we mean that rC is an actual G m -linearized 
line bundle for some r E Z>o that is not part of the data. The isomorphism in (v) then means 
(X,rCi) ~ (X,rL). 

We say that (X,C) is ample, semiample,... (resp. normal, Si,... ) when C (resp. X) has 
the corresponding property. 

A pull-back of a test configuration {X, C) for (X. L) is a test configuration (X',C) where 
X’ dominates X and £ is the pull-back of C. 

For each c E Q, the G m -linearization of the Q-line bundle £ may be twisted by t c , in the 
sense that the G m -linearization of rC is twisted by the character t rc with r divisible enough. 
The resulting test configuration can be identified with (X , £ + cXq). 

If ( X , £ 1 ) and (X, £2) are test configurations for (X, Lfl), ( X , L 2 ), respectively, and ci, C 2 E 
Q>o, then (X, ci£i + C 2 £ 2 ) is a test configuration for (A, ciLi + C 2 L 2 ). 

If ( X , £) is a test configuration of (A, Ox), then there exists r E Z>o and a Cartier divisor 
D on X supported on Xq such that r£ = Ox{D). 
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Example 2.3. Every G m -action on X induces a diagonal G m -action on X x A 1 , thereby 
defining a product test configuration X for X. Similarly, a G m -linearization of rL for some 
r >1 induces a product test configuration (X,C) for (X, L), which is simply (X, L ) x A 1 with 
diagonal action of G m . 


We denote by X A i (resp. (X a i,L a i) the product test configuration induced by the trivial 
G m -action on X (resp. (X,L)). 


Example 2.4. The deformation to the normal cone of a closed subscheme Z C X is the blow¬ 
up p: X —>• X A i along Z x {0}. Thus X is a test configuration dominating X A i. By [Full 
Chapter 5], its central fiber splits as Xq = E + F, where E = p~ 1 (Z x {0}) is the exceptional 
divisor and F is the strict transform of X x {0}, which is isomorphic to the blow-up of X 
along Z. 


Example 2.5. More generally we can blow up any G m -invariant ideal a on X x A 1 supported 
on the central fiber. We discuss this further in 1 2.6. 


2 . 1 . 


Scheme theoretic features. Recall that a scheme Z satisfies Serre’s condition Sf iff 


depth Oz£ > min{codim£, k} for every point £ E Z. 

In particular, Z is Si iff it has no embedded points. While we will not use it, one can show 
that Z is 5*2 iff it has no embedded points and satisfies the Riemann extension property across 
closed subsets of codimension at least 2. 

On the other hand, Z is regular in codimension k ( Rk for short) iff Oz£ is regular for every 
£ E X of codimension at most k. Equivalently Z is Rk iff its singular locus has codimension 
greater than k. Note that Z is Rq iff it is generically reduced. 

Serre’s criterion states that Z is normal iff it is R\ and Similarly, Z is reduced iff it is 
Rq and Si (in other words, iff Z is generically reduced and without embedded points). 


Proposition 2.6. Let X be a test configuration for X. 

(i) X is reduced iff so is X. 

(ii) X is S 2 iff X is S 2 and Xq is Si (l.e. without embedded points). 

(iii) If X is Ri and Xq is generically reduced (that is, ‘without multiple components’), then 
X is Ri. 

(iv) If X is normal and Xq is reduced, then X is normal. 

(v) Every irreducible component y (with its reduced structure) of X is a test configuration 
for a unique irreducible component Y of X. Further, the multiplicities of X along T 
and those of X along Y are equal. 

(vi) X is a variety iff so is X. 


Recall that the multiplicity of X along Y is defined as the length of Ox at the generic 
point of Y. 

Proof. Flatness of n: X —> A 1 implies that Xq is Cartier divisor and that every associated 
(i.e. generic or embedded) point of X belongs to X \ Xq (cf. [Har , Proposition III.9.7]). The 
proposition is a simple consequence of this fact and of the isomorphism X\Xq ~ X x (A 1 \{0}). 

More specifically, since A 1 \ {0} is smooth, X \ Xq is Rk (resp. Sk) iff X is. Since Xq is a 
Cartier divisor, we also have 


depth Ox 0 ,% = depth Ox£ — 1 
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for each £ E To, so that X is Sk iff X is S/, and X$ is Sk-i- 

It remains to show that Xq being generically reduced and X being R\ imply that X is R\. 
But every codimension one point £ G X either lies the open subset X\Xq, in which case X 
is regular at £, or is a generic point of the Cartier divisor Xq. In the latter case, the closed 
point of Spec Ox,£ is a reduced Cartier divisor; hence Ox,£ is regular. 

Now, X \ Xo is Zariski dense in X since X$ is a Cartier divisor. Hence X is isomorphic 
to X x A 1 at each generic point, and (v) easily follows. Finally, (vi) is a consequence of (i) 
and (v). □ 


2.2. Compactification. For many purposes it is convenient to compactify test configura¬ 
tions. The following notion provides a canonical way of doing so. 

Definition 2.7. The compactification X of a test configuration X for X is defined by gluing 
together X and X x (P 1 \ {0}) along their respective open subsets X\Xq and X x (A 1 \ {0}), 
which are identified using the canonical G m -equivariant isomorphism X\Xq ~1x (A 1 \{0}). 

The compactification comes with a G m -equivariant flat morphism X —> P 1 , still denoted 
by 7r. By construction, 7r~ 1 (P 1 \ {0}) is G m -equivariantly isomorphic to Api\{ 0 } over P 1 \ {0}. 

Similarly, a test configuration (X, C) for ( X , L ) admits a compactification ( X , £), where C, 
is a G m -linearized Q-line bundle on X. Note that L is relatively (semi)ample iff L is. 


Example 2.8. When X is the product test configuration defined by a G m - action on X , the 
compactification X — > P 1 may be alternatively described as the locally trivial fiber bundle with 
typical fiber X associated to the principal G m -bundle A 2 \ {0} —>• P 1 , i.e. 

^=((A 2 \{0})xl) /Gm 

with G m acting diagonally. Note in particular that X is not itself a product in general. For 
instance, the G m -action t ■ [x : y] = [t d x : y\ on X = P 1 gives rise to the Hirzebruch surface 
^~P(0 P i©0 P i(d)). 


2.3. Ample test configurations and one-parameter subgroups. Let ( X , L) be a polar¬ 
ized projective scheme. Fix r > 1 such that rL is very ample, and consider the corresponding 
closed embedding X ^ PF* with V := H°(X, rL). 

Every one-parameter subgroup (1-PS for short) p : G m —> PGL(F) induces a test config¬ 
uration X for X, defined as the schematic closure in PF* x A 1 of the image of the closed 
embedding X x G m PF* x G m mapping ( x,t ) to (p(t)x,t). In other words, Xq is de¬ 
fined as the ‘flat limit’ as t —> 0 of the image of X under p(t), cf. jHarl Proposition 9.8]. 
By Proposition 2.6, the schematic closure is simply given by the Zariski closure when X is 
reduced. 

If we are now given p: G m —> GL(F), then 0^(1) is G m -linearized, and we get an ample 
test configuration {X,C) for (X,L) by setting C := \.Ox{ 1)- 

Conversely, every ample test configuration is obtained in this way, as was originally pointed 
out in [RT07. Proposition 3.7]. Indeed, let ( X,C) be an ample test configuration, and pick 
r > 1 such that rC is (relatively) very ample. The direct image V := Tr*Ox(r£) under 
7r: X —> A 1 is torsion-free by flatness of 7r, and hence a G m -linearized vector bundle on A 1 
with an equivaria nt em bedding X ^ P(V*) such that rC = Ox{ 1)- 

By Proposition |l.3[ V is G m -equivariantly isomorphic to F x A 1 for a certain G m -action 
p: G m —> GL(F), and it follows that (X, L) is the ample test configuration attached to p. 
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2.4. Trivial and almost trivial test configurations. The normalization v: X -A X of a 

(possibly non-reduced) scheme X is defined as the normalization of the reduction X re( j of X. 
Denoting by X re( j = (J a X a the irreducible decomposition, we have X = JJ Q X a , the disjoint 
union of the normalizations X a — > X a . 

If L is a Q-line bundle and L := v*L, we call (X,L) the normalization of (X,L). If L is 
ample, then so is L (cf. [Har70l §4]). The normalization {X,£) of a test configuration (X,C) 
is similarly defined (the flatness of X -A A 1 being a c onseq uence of liar . Proposition III.9.7]), 
and is a test configuration for ( X , L). By Proposition ! 
a test configuration for ( X a ,L a ). 


2.6 


we have X = ] | (k X a with ( X a , £ 


Definition 2.9. A test configuration (X,£) for (X,L) is trivial if X = X A \. We say that 
{X,C) is almost trivial if the normalization X a of each top-dimensional irreducible component 
X a is trivial. 


Note that (almost) triviality does not a priori bear on C. However, we have: 

Lemma 2.10. A test configuration ( X,C ) is almost trivial iff for each top-dimensional irre¬ 
ducible component X a of X, the corresponding irreducible component X a of the normalization 
of X satisfies ( X a , £ x + c a X ( f ) = (X“,, Lffi for some c a € Q. 

Proof. We may assume that X (and hence X) is normal and irreducible. Replacing C with 
£ — L a i, we may also assume that L = Ox, and we then have C = D for a unique Q-Cartier 
divisor D supported on Xq. If (X,£) is almost trivial, then X = X A i, and Xq = X x {0} is 
thus irreducible. It follows that D is a multiple of Xq, hence the result. □ 


The next result shows that the current notion of almost triviality is compatible with the 
one introduced in [ Stoll ; IQdalh . 

Proposition 2.11. Assume that L is ample, and let (X,C) be an ample test configuration 
for {X, L). 

(i) If X is normal, then (X ,£) is almost trivial iff X A \ dominates X. 

(ii) If X is reduced and equidimensional, then {X,C) is almost trivial iff the canonical 
birational map X&i ---> X is an isomorphism in codimension one. 

Proof. Consider first the case where X is normal and irreducible, and assume that Xj^i --■* X 
is an isomorphism in codimension one. The strict transform £ of C (viewed as a Q-Weil 
divisor class) on X A i coincides with L A i outside X x {0}. The latter being irreducible, we 
thus have £ = L A \ AcX x {0}. This shows that £ is (Q-Cartier and) relatively ample. Since 
the normal varieties X A i and X are isomorphic outside a Zariski closed subset of codimension 
at least 2, we further have H°(X,m£) ~ H°(X A i,m£) for all m divisible enough, and we 
conclude by ampleness that (X,£) — (X a i,£) is trivial. 

We now treat the reduced case, as in (ii). Observe first that X A i is regular at each generic 
point of X x {0}, because X is regular in codimension zero, being reduced. As a result, 
X A i — > X A i is an isomorphism in codimension one. 

Now assume that X A i ---> X is an isomorphism in codimension one. Then X is isomorphic 
to X A i at each generic point £ of Xq. By the previous observation, X is regular at £, so 
that X — > X is an isomorphism at each generic point of Xq. The same therefore holds for 
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X --■* X A i, which means that X is almost trivial. Applying the first part of the proof to each 
irreducible component of X shows that X = X&i. 

Assume conversely that (X,C) is almost trivial, i.e. X = Xpp. Since X —>• A 1 factors 
through X —> A 1 and X&i —> X^i is an isomorphism in codimension one, we see that the 
coordinate t on A 1 is a uniformizing parameter on X at each generic point of Xq, and it 
follows easily that X —■* X A i is an isomorphism in codimension one. 

Finally, (i) is a consequence of (ii). □ 

At the level of one-parameter subgroups, almost triviality admits the following simple 
characterization, which completes [Odal51 Proposition 3.5]. 

Proposition 2.12. Assume that (X,L) is a polarized normal variety, and pick r > 1 with 
rL very ample. Let (sf) be a basis of H°(X,rL), pick integers 

a 1 — ■ — rip <C Up_|_i ^ £ a,N r , 

and let p: G m —>■ GL (H°(X, rL)) be the 1-parameter subgroup such that p(t)si = t ai Si. The 
test configuration (X,C) defined by p is then almost trivial iff rii<i<p( s * = 0) = 0 in X. 

This recovers the key observation of il.X 11. §3.1] that almost trivial, nontrivial test con¬ 
figurations always exist, and gives a simple explicit way to construct them. 


Proof. The canonical rational map 

fi: X x A 1 —► X P^" 1 x A 1 


is given by 


<KM) = (p(i)[si(a:)],t) = ([t ai Si(x)\,t) 

= ([si(x) : ■ ■ ■ : s p (x) : t ap+1 ~ ai s p+1 : ■■■ : t aN r~ ai s Nr (x)],t), 


2.11 


where aj — a\ > 1 for j > p. By (i) of Proposition 
to a morphism X x A 1 —> x A 1 , and this is clearly the case iff = 0) = 


(X,C) is almost trivial iff f> extends 

□ 


2.5. Test configurations and filtrations. By the reverse Rees construction of §1.2| every 
test configuration (X,C) for (X,L) induces a Z-filtration of the graded algebra 

R(X,rL ) := 0 H°(X,mrL) 
me N 

for r divisible enough. More precisely, for each r such that rC is a line bundle, we define a 
Z-filtration on R(X,rL ) by letting F x H°(X,mrL ) be the (injective) image of the weight-A 
part H°(X,rmC)\ of H°(X,mrC) under the restriction map 

H°(X, mrC) -> H°(X, mrC) t =\ = H°(X,mrL). 

Alternatively, we have 

F x H°(X, mrL) = js € H°(X, mrL ) | t~ x s G H°(X, mr£)j (2.1) 

where s G Ff°(X \ X§,mrC) denotes the G m -invariant section defined by s G H°(X,mrL). 
As a direct consequence of the projection formula, we get the following invariance property. 
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Lemma 2.13. Let (X,C) be a test configuration, and let (X',C!) be a pull-back of (X,£) 
such that the corresponding morphism p: X' —> X satisfies p*Ox' = Ox- Then (X,£) and 
(. X',C) define the same filtrations on R(X,rL). 


Note that p*Ox> = Ox holds automatically when X (and hence X ) is normal, by Zariski’s 
main theorem. 

For later use, we also record the following direct consequence of the G m -equivariant iso¬ 
morphism (1.2). 


Lemma 2.14. Let (X,£) be a test configuration, with projection n: X —> A 1 . For each m 
with mL a line bundle, the multiplicities of the G m -module n*Ox{mL)o satisfy 


dim (7r*C)^(m£)o) A = dim F x H°(X, mL)/F x+1 H°(X,mL) 


for all A e Z. In particular, the weights of Tr*Ox(mL)o coincide with the successive minima 
of F m H°(X, mL). 


Proposition 2.15. Assume L is ample. Then the above construction sets up a one-to-one 
correspondence between ample test configurations for ( X , L) and finitely generated Z- filtrations 
of R(X, rL) for r divisible enough. 


Proof. When (X,C) is an ample test configuration, the Z-filtration it defines on R(X,rL) is 
finitely generated in the sense of Definition m since 

0 (^r x F x H°(X,mrL )) = R(X,r£) 

me N \AeZ / 


is finitely generated over k[t] . Conversely, let F * be a finitely generated Z-filtration of 
R(X,rL) for some r. Replacing r with a multiple, we may assume that the graded k[t\- 
algebra 

0 (@)t- x F x H 0 (X,mrL) 

meN \AeZ 


is generated in degree m = 1, and taking the Proj over A 1 defines an ample test configuration 
for (. X,rL ), hence also one for (X,L). Using 11.2 it is straightforward to see that the two 
constructions are inverse to each other. □ 


Still assuming L is ample, let ( X , C) be merely semiample. The Z-filtration it defines on 
R(X, rL) is still finitely generated, as 

0 (^t~ x F x H 0 (X,mrL )) =R(X,r£) 
mgN Vagz / 

is finitely generated over k[t]. 

Definition 2.16. The ample model of a semiample test configuration (X,C) is defined as 
the unique ample test configuration (T’ amp ,£ amp ) corresponding to the finitely generated in¬ 
filtration defined by {X,£) on R(X,rL) for r divisible enough. 

Ample models admit the following alternative characterization. 
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Proposition 2.17. The ample model (3L amp ,/3 amp ) of a semiample test configuration (X,£) 
is the unique ample test configuration such that: 

(i) 13) is a pull-back of (3L amp , l3 am p), 

(ii) the canonical morphism [i: X —> X amp satisfies p*Ox = Ox anip - 
Note that (ii) implies that X amp is normal whenever X (and hence X ) is. 


Proof. Choose r > 1 such that rC is a globally generated line bundle. By Proposition [L3j the 
vector bundle tt^Ox(i'£) is G m -equivariantly trivial over A 1 , and we thus get an induced G m - 
equivariant morphism f: X —> over A 1 for some N with the property that f*0( 1) = rC. 

The Stein factorization of / thus yields an ample test configuration (, X', £) satisfying (i) and 

these properties guarantee that {X,£) and (X',£ 

bun p * £amp 


(ii). By Lemma 


2.13 


Z-filtration on R(X,rL), and hence (X',£) = (X a 


by Proposition 


induce the same 
2T5l □ 


2.6. Flag ideals. In this final section, we discuss (a small variant of) the flag ideal point of 
view of |Odal2a) IOdal3b] . We assume that X is normal, and use the following terminology. 


Definition 2.18. A determination of a test configuration X for X is a normal test configu¬ 
ration X' dominating both X and X&i. 


Note that a determination always exists: just pick X' to be the normalization of the graph 
of the canonical birational map X --■» X^i. 

Similarly, a determination of a test configuration (X,C) for (X,L) is a normal test con¬ 
figuration (X 1 , £) such that X' is a determination of X and £ is the pull-back of C under 
the morphism X' —> X (i.e. {X',£) is a pull-back of (X,£)). In this case, denoting by 
p\ X' —>• X 41 the canonical morphism, we have £ = p*L^i + D for a unique Q-Cartier 
divisor D supported on X' {) . by the normality of X'. 

Definition 2.19. Let (X,£) be test configuration for (X,L). For each m such that mC is a 
line bundle, we define the flag ideal of (X,ml 3) as 

a t ' m) := p*0 X '{rnD), 


viewed as a G m -invariant, integrally closed fractional ideal of the normal variety X k \. 

By Lemma 2.20 below, ais indeed independent of the choice of a determination. In 
particular, a ^ is also the flag ideal of (X', m£) for every normal pull-back {X' , £) of (X, £). 

Since is a G m -invariant fractional ideal on that is trivial outside the central fiber, 
it is of the form 


fl M = 

A ez 


-A jm) 
a A 


( 2 . 2 ) 


where a^™' 1 C Ox is a non-increasing sequence of integrally closed ideals on X with = 0 


(m) 


for A 0 and a^ m = Ox for A <C 0 (see Proposition 2.21 below for the choice of sign) 


Lemma 2.20. The flag ideal aS m > is independent of the choice of a determination (X',£). 


Proof. Let (X", £') be another determination of (X, £) (and recall that X' and X" are normal, 
by definition). Since any two determinations of (X, £) are dominated by a third one, we may 
assume that X" dominates X 1 . Denoting by p! : X" —> X' the corresponding morphism, the 
fractional ideal attached to (X", C") is then given by 

(po p)*Ox"{rnp'*D) 
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By the projection formula we have 

n'*Ox"{mii'*D) = Ox'(mD) ® ifiOx", 

and we get the desired result since p'^Ox" = Ox 1 by normality of ft". □ 

Proposition 2.21. Let (X,C) be a normal, semiample test configuration for (X,L). For 
each m with mC a line bundle, let F'H°(X,mL) be the corresponding Z-filtration and 
the flag ideal of (X,m£). Then, for m sufficiently divisible and A £ Z, the Ox-module 
OxijnL) <g oi m) is globally generated and 

F x H°(X, mL) = H° (x, O x {mL) <g> aj 71 ^ 

In particular, the successive minima of F'H°(X,mL) (see 0 are exactly the A £ Z with 
, with the largest one being A ^l = max | A £ Z | 7 ^ 0 j. 

Proof. Let (X',C) be a determination of (X,C), i.e. a pull-back such that X' is normal and 
dominates X A i. By normality of X, the morphism p: X' —> X satisfies p*Ox' = Ox, and the 
projection formula therefore shows that (X',C) and (X , C) define the same Z-filtration of 
R(X, rL ) for r divisible enough. Since cn m ' is also the flag ideal of (X 1 , mC! ), we may assume 
to begin with that X dominates X A i. Denoting by p\ X —> X A i the canonical morphism, we 
then have L = p*L A 1 + D and 

a (m) = p*Ox{mD), 

and hence 

p*Ox{rnC) = Ox(mL A i) <g 

by the projection formula. As a consequence, H°(X A 1 , Ox A 1 1 ) ®t~ x cS™^) is isomorphic 

to the weight-A part of H°(X,m£), and the first point follows. 

For m divisible enough, mC is globally generated on X, and hence so is p*Ox(pi£) on X A i. 
Decomposing into weight spaces thus shows that Ox{mL) (g a™ 1 is globally generated on X 

for all A £ Z. We therefore have iff F x H°(X, mL) / F x+1 H°(X , mL), hence the 

second point. □ 


3. Duisterm a at-Heckman measures and Donaldson-Futaki invariants 

In this section, (X,L) is a polarizec0 scheme over k. Our goal is to provide an elementary, 
self-contained treatment of Duistermaat-Heckman measures and Donaldson-Futaki invariants. 
Most arguments are inspired by those in |Don05l rRT07l IWanl 21 [QdaT^l lLXT4] . 

3.1. The case of a G m -action. First assume that L is an ample line bundle (as opposed 
to a Q-line bundle) and that (A, L) is given a G m -action. For each d £ N, the principal 
G m -bundle A rf+1 \ {0} —> F d induces a projective morphism -k d : Xj —> P d , locally trivial in 
the Zariski topology and with typical fiber X, as well as a relatively ample line bundle L^ on 
Xd. For d = 1, we recover the compactified product test configuration, cf. Example |2.8 


Following jDon05l p.470], we use this construction to prove the following key result, which 
is often claimed to follow from ‘general theory’ in the K-stability literature. Another proof 
relying on the equivariant Rieman-Roch theorem is provided in Appendix B. 


^As before we allow L to be an (ample) Q-line bundle on X. 
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Theorem 3.1. Let (X,L) be a polarized scheme with a G m -action, and set n = dimX. For 
each d, m E N, the finite sum 

^2 dim H °( x > mL )\ 

Aez a ' 

is a polynomial function of m 1, of degree at most n + d. The coefficient of m n+d is further 
equal to (L d +d )/(n + d)\. 

Here we write as usual (L d +d ) = ci(L^) n+(i - [Xf\, with [Xfi E CH n +d{ x d) the fundamental 
class. 

Granting this result for the moment, we get as a first consequence: 


Corollary 3.2. Letw m 
and N m := h°(X,mL). 


E Z be the weight of the G m -action on the determinant line det 
Then we have an asymptotic expansion 


w „ 


mN n 


= F 0 + m l F\ + m 2 F 2 + ... 


H°(X , mL), 
(3.1) 


with Fi E Q. 


rem 


Indeed, w m = ^Aez^dim H°(X,mL)\ is a polynomial of degree at most n + 1 by Theo- 
while N m is a polynomial of degree n by Riemann-Roch. 


3.1 


Definition 3.3. The Donaldson-Futaki invariant DF(X, L ) of the polarized G m -scheme ( X , L ) 
is defined as 

DF (X,L) = -2F 1 . 


The factor 2 in the definition is here just for convenience, while the sign is chosen so that 


K-semistability will later correspond to DF > 0, cf. Definition 3.11 


As a second consequence of Theorem 3.1, we will prove: 


Corollary 3.4. The rescaled weight measures (cf. Definition |1.5| ) 

hm ■= 0-/™)*llH o (X,mL) 

have uniformly bounded support, and converge weakly to a probability measure DH(_y,l) on M 
as m —> oo. Its moments are further given by 


X d DH 




)(dX) = 


n + d\- l {L n d +d ) 


n 


(L r 


(3.2) 


for each d E N. 


Definition 3.5. We call DH(x,l) the Duisternraat-Heckman measure of the polarized G m - 
scheme ( X , L). 

For any r E Z>o, the G m -action on (X,L) induces an action on ( X,rL ). It follows imme¬ 
diately from the definition that DH (X,rL) = r*DH(X, L) and DF (X,rL) = DF(A, L). This 
allows us to define the Duisternraat-Heckman measure and Donaldson-Futaki invariant for 
G m -actions on polarized schemes (X, L), where L is an (ample) Q-line bundle. 


Definition 3.6. For any polarized scheme (X,L) with a G m -action, we define 
DH(A, L ) := (l/r)*DHpf, rL ) and DF(A, L) := DF(A, rL) 
for any sufficiently divisible r E Z>q. 
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Proof of Theorem 3.1 . Let ltd. '■ X d -A P^ be the fiber bundle defined above. The key obser¬ 
vation is that the G m -decomposition H°(X,mL ) = 0 AgZ H°(X, mL)\ implies that 

(' ^d)*Ox d {m L d ) = © H°(X, mL)\ <S> Opd(A). 

A ez 

By relative ampleness of L ( j. the higher direct images of mLd vanish for m 3> 1; the Leray 
spectral sequence and the asymptotic Riemann-Roch theorem (cf. |Kle661 §1]) therefore yield 

J2x(W d ,O pd W)dmiH°(X,mL) x = X (P d , (vr d )*0 Xd {mL d )) 


xez 


/ rn+d\ 

= X (X d , mL d ) = T~T~JT\ mn+d + 0(m n+d ~ 1 ). 

[n + a)\ 


Now x (P d ,0 pd (A)) = X{X - iy i X - d+1) = % + 0{A d ~ l ) 


on d. 


and we get the result by induction 

□ 


Proof of Corollary \3-4\ Since L is ample, R(X,L ) is finitely generated. It follows that the 
weights of H°(X,mL) grow at most linearly with m, which proves that fim has uniformly 
bounded support. Since n m is a probability measure, it therefore converges to a probability 
measure iff the moments f R A d /j, m (dA) converge for each d E N. We have, by definition, 


d\ ^ m{dX) ~ m d X 


A 


T dim H°(X, mL) x 


m Aez dl 


n-\-d\ 


with N m = h°(X,mL). Theorem 3.1 shows that 

(i 


m 


n-\-d 


+ 0{m 


n-\-d— 1 \ 


xez 


while 


N m = 


n\ 


-m n + 0(m n - L ) 


hence the result. 


□ 


Remark 3.7. In order to explain the terminology, consider the case where X is a smooth 
complex variety with an S 1 -invariant hermitian metric on L with positive curvature form oj. 
We then get a Hamiltonian function H : X —> M for the S 1 -action on the symplectic manifold 
(X,ui). The Duistermaat-Heckman measure as originally defined in 1)11^2 is H*(uj n ), but 
this is known to coincide (up to normalization of the mass) with DHp^ as defined above 
(see for instance |WN12l Theorem 9.1] and [BWN14] Proposition 4.1],). See also |Bern09l 
IWN121 IHisl2j for an analytic approach to Duistermaat-Heckman measures via geodesic rays. 


Remark 3.8. When X is a variety, the existence part of Corollary \3.4\ is a rather special case 
of [Ok96] . which also shows that can be written as a linear projection of the Lebesgue 

measure of some convex body. This implies in particular that is either absolutely 

continuous or a point mass. Its density is claimed to be piecewise polynomial on fOkMl 
p.l], but while this is a classical result of Duistermaat and Heckman when X is a smooth 
complex variety as in Remark 3.7. we were not able to locate a proof in the literature when 
X is singular. In particular, the proof of 4 11*90 Proposition 3.4] is incomplete. Piecewise 
polynomiality will be established in Theorem 5.10\ below. 
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We gather here the first few properties of Duistermaat-Heckman measures. 

Proposition 3.9. Let (X,L) be a polarized Gm-scheme of dimension n, and set V = ( L n ). 

(i) Denote by (X,L( A)) the result of twisting the action on L by the character t x . Then 

= A + DH(x,l) . 

(ii) If X a are the irreducible components of X (with their reduced scheme structure), then 

DH(x,i) = ^ CqDH( -Y «,z,| x «), 

a 

where c a = m a > wm a 'multiplicity of X along X a . 

Note that c a > 0 iff X° has dimension n, and that Y) a c Q = 1 since [X] = m a[X a ]- 


is locally trivial, its irreducible compo- 


Proof. Property (i) is straightforward. Since X) 
nents are of the form X 
decomposes as [X r f\ = Assertion (ii) is now a direct consequence of (3.2). 


d , with multiplicity m a . It follows that [Xfi £ CH„(Ad) = 0Z[IJ] 

□ 


3.2. The case of a test configuration. We still denote by (X , L) a polarized scheme (where 
L is allowed to be a Q-line bundle), but now without any a priori given O m -action. 

Definition 3.10. Let (X,C) be an ample test configuration for (X,L). We define the 
Duistermaat-Heckman measure and the Donalds on-Futaki invariant DF(T,£) of 

(A,£) as those of the polarized G m -scheme (Ao,£o)- 


Definition 3.11. A polarized scheme (X,L) is K-semistable if T>Y{X, C) > 0 for all ample 
test configurations {X,C). It is K-stable if we further have DF (X,C) = 0 only when (X,L) 
is almost trivial in the sense of Definition \2I\ 


Proposition 3.12. Let ( X , C) be an ample test configuration for ( X , L), with G m -equivariant 
projection it: X —» A 1 and compactification (X,C), and set V := ( L n ). 

(i) For each c £ Q, we have DH(^x+c^ 0 ) = DH(^ £) + c. 

(ii) Let X a be the top-dimensional irreducible components of X (with their reduced scheme 
structure), and m a be the multiplicity of X along X a . Then 

DH (*,£) = y^CqDH^a^i^), 

a 


where X a is the irreducible component of X corresponding to X a , and where c a = 
V- 1 m a c 1 (L) n ■ [A Q ]. 

(iii) The barycenter of the Duistermaat-Heckman measure satisfies 

= XGX ( 3 , 3 ) 

(iv) If X (and hence X) is normal, then 


DF (X,C) 




AS 


( £ n+i) 

(n + 1)P 


with S := nV~ 1 (—K x • L n_1 ). 


V 


(3.4) 
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In (iv), Kx and Kg / P i = Kg — tt*K p i are understood as Weil divisor classes on the 
normal schemes X and X , respectively. This intersection theoretic expression is originally 
due to |Wanl21 IOdal3a] , see also [LX14| . 

Remark 3.13. When X is smooth, k = C and L is a line bundle, S is the mean value of the 
scalar curvature S(u>) of any Kabler form u ; E ci(L) (hence the chosen notation). 


Proof of Proposition 3.12. After passing to a multiple, we may assume that L and C are line 
bundles. By flatness of X —> A 1 , the decomposition [X] = rn a [X a ] in CH n (X) implies 
[Xq] = )T) a rn a \X(f] , where X(f denotes the (possibly reducible) central fiber of X a . We now 
get (ii) as a consequence of Proposition |3.9[ which also implies (i). 

We now turn to the proof of the last two points. By relative ampleness, n*Og(m£) is 
a vector bundle on P 1 of rank N m = h°(mL ) for m 3> 1, with fiber at 0 isomorphic to 
H°(Xq, mCo). As a result, w m is the weight of det g{mC)o, and hence 

w m = deg det 7 T*Og(mC) = deg ir*Og(mJC), 

since tt* 0g(mC) is G m -equivariantly trivial away from 0 by construction of the compactifi- 
cation. By the usual Riemann-Roch theorem on P 1 , we infer 

W m = X(P 1 ,71 T*Og(mC)) - N m - 

By relative ampleness again, the higher direct images of m£ vanish for m divisible enough, 
and the Leray spectral sequence and the asymptotic Riemann-Roch theorem give as in the 
proof of Theorem |3.1| 

,n+1 


Wr. 


= x(X, mC) - N m = 


m 


(. C n+1 ) + 0{m n ), 


(n + 1)! 

which yields (iii) since N m = ^j-V + 0(m n ~ 1 ). 

When X (and hence X) is normal, the two-term asymptotic Riemann-Roch theorem on a 


normal variety (cf. Theorem A.l in the appendix) yields 

rn n r S' 

N m = V— 1 +-m _1 + 0(m -2 ) 

n! [ ^ 

and 


w m = -Nm + j^Xrn n+1 - + O(m^ 1 ) 

(n + 1)! 2n\ 


(^ +1 )_ m n + l _ ' & 


2n\ 


-m n + 0(m n_i ), 


(n + 1)! 

using that (tt*K p i ■ C n ) = —2V since deg I\ v i = —2. The formula for DF {X,C) in (iv) now 
follows from a straightforward computation. □ 


3.3. Behavior under normalization. We now study the behavior of Duistermaat-Heckman 
measures and Donaldson-Futaki invariants under normalization. 

Recall that the normalization of the polarized scheme (X, L ) is the normal polarized scheme 
(X, L) obtained by setting L = u*L with v: X —> X the normalization morphism. Similarly, 
the normalization of an ample test configuration ( X , C) for (X, L ) is the ample test configu¬ 
ration (X,C) for (X, L) obtained by £ = v*L with v. X —> X the normalization morphism. 
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We first prove that Duistermaat-Heckman measures are invariant under normalization, in 
the reduced case. 

Theorem 3.14. If X is reduced, then DH(^ £) = for every ample test configuration 

(X,C)for(X,L). 


Proof. By Proposition 3.12 (ii), after twisting the G m -action on C by t x with A > 1, we may 


assume /x := DH^^ and fi := are supported in M + . For m divisible enough, let 

be the scaled weight measure of the G m -module 7r*C>,v(mX)o. Thus /x m converges weakly to 
/x by Proposition 3.12 (i). By Lemma |l.6[ the tail distribution of fi m is given by 


hm{x > A} = dim F^H°(X,mL), 

I'm 

where F*H°(X,mL) is the Rees filtration induced by (X,C), and N m = H°(X,mL ) = 
dimiL°(Ato, mCo) for m > 1, by flatness and Serre vanishing. 

Denoting by /x m and F*H°(X,mL) the scaled weight measure and filtration defined by 
(T,£), we similarly have 

hm{x > A} = J-dim F^H°(X,mL). 

X m 


Since X is reduced by Proposition 


2.6 


the canonical morphism O x —> v*0^ is injective, 
and the projection formula yields a G m -equivariant inclusion H°(X,m£) H°(X,mC). 

For each A E Z, we thus have H°(X,m£)\ H°(X,mC)\ , and hence F x H°(X,mL) 

F x H°(X,mL), which implies 

fi m {x > A} > jr^h{x > A}. 

Since X is reduced, v^O^/Ox is supported on a nowhere dense Zariski closed subset, and 
hence 

N m = hP(X, mL) = h°{X, O x {rnL)®v*0 5t ) = N m + 0(m n_1 ). 

Since the weak convergence of probability measures fi m -» /x implies (in fact, is equivalent 
to) the a.e. convergence of the tail distributions, we conclude 

fi{x > A} > /a{x > A} (3-5) 

for a.e. A Gl. 

By (iii) of Proposition 3.12 and the projection formula, /x and /x have the same barycenter 
A, and hence 


[i{x>\}d\= / \dp = \= / A djl = / ft{x > \}d\ 


(3.6) 


since fi and /x are supported in M+. By (3.5), we thus have fi{x > A} = /x{x > A} for 
a.e. A G R, and hence /x = /x (by taking for instance the distributional derivatives), which 
concludes the proof. □ 

Regarding Donaldson-Futaki invariants, we prove the following explicit version of [RT07l 
Proposition 5.1] and lADV+lfl Corollary 3.9]. 
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Proposition 3.15. Let (X,C) be an ample test configuration for a polarized scheme (X,L). 
Let X' be another test configuration for X dominating X, such that p: X' —> X is finite, and 
set CJ := p*C. Then 

DF(T, C) = DF(T', C) + 2V~ l J2 m E (E- C n ), 

E 

where E ranges over the irreducible components of Xq contained in the singular locus of X 
and mE £ N* is the length of the sheaf X := {p*Ox') /Ox at the generic point of E. 

When X is normal, the result applies to the normalization of a test configuration; hence 


Corollary 3.16. If X is normal, then (A", L) is K-semistable iff DF(T, £) > 0 for all normal 
ample test configurations. 

Proof of Proposition \3X5 . Let m be sufficiently divisible. Denoting by w m and w' m the G m - 
weights of det H°(Xo,mCo) and det H°(Xq, mC' 0 ), the proof of Proposition 3.12 yields 

w' m -Wm = X (X’, m ^) ~ x(X, m£). 

Since p is finite, we have R q p^O^, = 0 for all q > 1, and the Leray spectral sequence gives 

x{X',mC') = x {X, Ox{mC) ® p*0^') ■ 

By additivity of the Euler characteristic in exact sequences and (Kle66l §2], we infer 

4 -Wm = X (X, Ox{mC) ® X) 

= r ^y j m E {E ■ C n ) + 0(m n ~ 1 ), 
n\ 




which yields the desired result in view of Definition 3.3 


□ 


3.4. The logarithmic case. Assume that X is normal, let B be a boundary on X and write 
E\x,B) ■= Kx + B (see { 1.5). Let L be an ample Q-line bundle on X. We then introduce a 
log version of the ‘mean scalar curvature’ S by setting 

S B := nV- 1 (—K( XjB ) ■ L n ~ l ) . 

If X is a normal test configuration for X , denote by B (resp. B) the Q-Weil divisor on X (resp. 
X) obtained as the (component-wise) Zariski closure in X (resp. X) of the Q-Weil divisor 
B x (A 1 \ {0}) with respect to the open embedding of X x (A 1 \ {0}) into X (resp. X). We 
then set 

K(x,b) := K x + B , K(x,b) := Kx + 

and 


K(X,B) — E*K A 1, K(x,B)/F 1 K(X,B) — E*Kpi. 


Note that these 


L (A,B)/ P 1 •— lx {X,B) 

-Weil divisor (classes) may not be Q-Cartier in general. 


The intersection theoretic formula for DF in Proposition 3.12 suggests the following gen¬ 
eralization for pairs (compare [ OSulll Theorem 3.7], see also |Donl2l Lb 1 1 ). 

Definition 3.17. Let B be a boundary on X. For each normal test configuration (X,C) for 
(X,L), we define the log Donaldson-Futaki invariant of (X,C) as 

,-i(£ n+1 ) 


DF B (X,C) := V~\K % fpl • C n ) + S B V~ 


n + 1 
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In view of Corollary 3.16, we may then introduce the following notion: 


Definition 3.18. A polarized pair ((X, B); L) is K-semistable i/DF^(Al,£) > 0 for all 
normal ample test configurations. It is K-stable if we further have DF b{X,C) = 0 only when 
(X,C) is trivial. 


Note that ((X, R); L) is K-semistable (resp. K-stable) iff ((X, B);rL) is K-semistable (resp. 
K-stable) for some (or, equivalently, any) r E Z>q. 


Remark 3.19. Let X be a deminormal scheme , i.e. reduced, of pure dimension n, S 2 and 
with at most normal crossing singularities in codimension one, and let v: X —> X be the 
normalization. If Kx is Q-Cartier, then v*Kx = K^ + B, where B denotes the inverse image 
of the conductor, and is a reduced Weil divisor on X by the deminormality assumption. By 
definition, X has semi-log canonical singularities (sic for short) if (X,B) is Ic. (See |Koll3l 
§5] for details.) 

Now let L be an ample Q-line bundle on X, and let (X, C) be an ample test configuration 
for (X,L), with normalization (X,C). In |Odal3al Proposition 3.8] and |Odal3bl §5], Odaka 
introduces the partial normalization X —> X' —> X by requiring that 


Ox 1 = O^r OxxtAhfo})- 

We get this way an ample test configuration {X'for (X,L), with the extra property that 
X — X* is an isomorphism over the generic points of X(, cf. jOda!3a[ Lemma 3.9]. Arguing 
as in the proof of Proposition 3.15\ we may then check that 


DFb(<F, Cf) = DF (X',C) < DF (X,£). 


(3.7) 


This shows that (X,L) is K-semistable iffDF^(X,C) > 0 for the normalization (X,C) of 
every ample test configuration (X,C) for (X,L). 


4. Valuations and test configurations 

In what follows, X denotes a normal variety of dimension n, with function field K = k(X). 
The function field of any test configuration for X is then isomorphic to K (t). We shall relate 
valuations on K and K(t) from both an algebraic and geometric point of view. 


4.1. Restriction and Gauss extension. First consider a valuation w on K(t). We denote 
by r(w) its restriction to K. 

Lemma 4.1. If w is an Abhyankar valuation, then so is r(w). If w is divisorial, then r(w) 
is either divisorial or trivial. 


Proof. The first assertion follows from Abhyankar’s inequality 0- Indeed, if w is Ab¬ 
hyankar, then tr. deg(tc) + rat. rk(tc) = n + 1, so (1.3) gives tr. deg(r(u;)) + rat. rk(r(w;)) > n. 
As the opposite inequality always holds, we must have tr. deg(r(w)) + rat. rk(r(tc)) = n, i.e. 
r(w) is Abhyankar. 

We also have tr. deg(r(w)) < tr. deg(rc), so if w is divisorial, then tr. deg(r(w)) = n or 
tr. deg(r(rc)) = n — 1 , corresponding to r{w) being trivial or divisorial, respectively. □ 
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The restriction map r is far from injective, but we can construct a natural one-sided inverse 
by exploiting the /enaction (or G m -action) on K(t ) = k(X A \ ) defined by (a ■ f)(t) = f(a~ 1 t ) 
for a G k* and / G K(t). In terms of the Laurent polynomial expansion 

/ = E^ A (4-1) 

Aez 

with f\ G K, the /c*-action on K[t ) reads 

a- f = ^2a~ x f\t x . (4.2) 

Aez 


Lemma 4.2. A valuation w on K{t) is k*-invariant iff 

w(f) = min ( r(w)(f \) + A w(t)) 


(4.3) 


for all f G K[t) with Laurent polynomial expansion (f.l). In particular, r(w ) is trivial iff iv 
is the multiple of the t-adic valuation. 


Proof. In view of (4.2), it is clear that (4.3) implies fc*-invariance. Conversely let w be a 
/U-invariant valuation on K(t). The valuation property of w shows that 

w(f) > min( r(w)(f x ) + Xw(t)) 


Set A := {A G Z | / A / 0} and pick distinct elements G k*, p. G A (recall that k is alge¬ 
braically closed, and hence infinite). The Vandermonde matrix (a^) A ,^eA is then invertible, 
and each term f\t x with A G A may thus be expressed as fc-linear combination of (o^ • f)^ £ a- 
Using the valuation property of w again, we get for each A G A 

r i w )(fx) + 'WO = w (/a^ A ) > minr/;^ • /) = w(f), 
where the right-hand equality holds by fc*-invariance of w. The result follows. □ 


Definition 4.3. The Gauss extension of a valuation v on K is the valuation G(v) on K(t) 
defined by 

G(v)(f) = min (v(f x ) + A) 

Aez 

for all f with Laurent polynomial expansion 0. 


Note that r(G(v)) = v for all valuations v on K, while a valuation w on I\(t) satisfies 
w = G(r(w)) iff it is /U-invariant and w(t) = 1, by Lemma 4.2 Further, the Gauss extension 
of v is the smallest extension w with w(t) = 1. 


4.2. Geometric interpretation. We now relate the previous algebraic considerations to test 
configurations. For each test configuration X for X, the canonical birational map X ---> X a a 
yields an isomorphism k{X) ~ K(t ). When X is normal, every irreducible component E of 
Xo therefore defines a divisorial valuation orde on K(t). 

Definition 4.4. Let X be a normal test configuration for X . For each irreducible component 
E of Xo, we set ve '■= ij^r^ord#) with Ie = ord£(Ao) = ord^(t). We say that E is nontrivial 
if it is not the strict transform of X x {0}. 

Since E is preserved under the G m -action on X, ord# is /c*-invariant, and we infer from 
Lemma I4T1 and Lemma 14.21 






UNIFORM K-STABILITY 


31 


Lemma 4.5. For each irreducible component E of Xq, we have b^ otAe = G(ve), i-e. 

b e 1 ord E {f) = n \ in ( Ae(/a ) + A). 


in terms of the Laurent polynomial expansion (f.l ). Further, E is nontrivial iff ve is non¬ 
trivial, and hence a divisorial valuation on X. 


By construction, divisorial valuations on X of the form ve have a value group T„ = v(K*) 
contained in Q. Thus they are of the form ve = c ordi? with c E Q>o and F a prime divisor 
on a normal variety Y mapping birationally to X. Conversely, we prove: 


Theorem 4.6. A divisorial valuation v on X is of the form v = ve for a non-trivial irre¬ 
ducible component E of a normal test configuration iffT v is contained in Q. In this case, we 
may recover bE as the denominator of the generator ofT v . 

Lemma 4.7. A divisorial valuation w on K(t ) satisfying w(t) > 0 is k*-invariant iff w = 
c ord^; with c > 0 and E an irreducible component of the central fiber Xq of a normal test 
configuration X of X. 


Proof. If E is an irreducible component of Xq, then ord E(t) > 0, and the G m -invariance 
of E easily implies that ord^; is A;*-invariant. Conversely, let w be a fc*-invariant divisorial 
valuation on K(t) satisfying w(t) > 0. The center £ on X x A 1 is then G m -invariant and 
contained in X x {0}. If we let Ti be the test configuration obtained by blowing-up the 
closure of £ in X x A 1 , then the center £i of w on Ti is again G m -invariant by /c*-invariance 
of w, and the blow-up T 2 of the closure of £1 is thus a test configuration. Continuing this 
way, we get a tower of test configurations 

X X A 1 <- 34 <- y 2 < - <- Yi <-... 

Since w is divisorial, a result of Zariski (cf. |KM981 Lemma 2.45]) guarantees that the closure 
of the center £j of w on 3A has codimension 1 for i > 1. We then have w = c ord# with E 
the closure of the center of w on the normalization X of 3A • □ 


4.5 


yields 


Proof of Theorem 4-6. Let A be a non-trivial irreducible component of Xq for a normal test 
configuration X of X. Since the value group of ord^ on k{X) = K(t) is Z, the value group 
of ve on k(X) = K is of the form for some positive integer c. Lemma 
Z = cZ + 5sZ, so that c and Ie are coprime. 

Conversely, let v be a divisorial valuation on X with r„ = 5 Z for some coprime positive 
integers b , c. Then w := bG(v ) is a IC-invariant divisorial valuation on K(t) with value group 
cZ + 6 Z = Z. By Lemma |4.7[ we may thus find a normal test configuration X for X and a 
non-trivial irreducible component E of Xq such that ord^; = w. We then have bE = u>(t) = b , 
and hence v = ve- □ 


4.3. Rees valuations and deformation to the normal cone. Our goal in this section is 
to relate the Rees valuations of a closed subscheme Z C X to the valuations associated to 
the normalization of the deformation to the normal cone of Z, see Example 2.4 


Theorem 4.8. Let Z C X be a closed subscheme, X the deformation to the normal cone of 
Z, and X its normalization, so that p: X —> X^i is the normalized blow-up of Z x {0}. Then 
the Rees valuations of Z coincide with the valuations ve, where E runs over the non-trivial 
irreducible irreducible components of Xq. 








32 


SEBASTIEN BOUCKSOM, TOMOYUKI HISAMOTO, AND MATTIAS JONSSON 


In other words, the Rees valuations of Z are obtained by restricting to A(A) C k(X)(t) 
those of Z x {0}. 

If we denote by Eq the strict transform of X x {0} in X , one can show that X \Eq is 
isomorphic to the Spec over X of the extended Rees algebra t], where a is the ideal 

of Z, cf. [Full pp.87-88]. We thus see that Theorem |4.8| is equivalent to the well-known fact 
that the Rees valuations of a coincide with the restrictions to X of the Rees valuations of 
the principal ideal (t) of the extended Rees algebra (see for instance |HSL Exercise 10.5]). We 
nevertheless provide a proof for the benefit of the reader. 

Lemma 4.9. Let b = ^ A be a G m -invariant ideal of X x A 1 , and let 

b = ^(b) A f A 

AeN 

be its integral closure. For each A we then have &a C (b)A, with equality for A = 0. 

Proof. Each f £ b\ satisfies a monic equation f d + Y^j=i bjf d ~ J = 0 with bj £ b{. Then 

d 

{t Xf ) d + J2(t Xj b j )(t x f) d ~ j = 0 

3 =1 

with t x ibj £ ( t x b\) j C bA It follows that t x f £ b, which proves the first assertion. 

Conversely, we m ay ch oose l 3> 1 such that the G m -invariant ideal c := b l satisfies b-c = b-c 
(cf. proof of Lemma |l.8[ ). Write c = ^a>a 0 c a^ A with c Ao / 0. Then (b)o • CA 0 i A ° is contained 
in the weight Ao part of b ■ c, which is equal to (bo • CA 0 )t A °. We thus have (b)o ■ ca 0 C bo • ca 0 , 
and hence (b)o C bo by the determinant trick. □ 


Proof of Theorem \4-8[ Let a be the ideal defining Z. By Theorem 1.10 we are to check that: 

(i) d™ = f) E {f £ O x | v E (f) > m} for all m £ N; 

(ii) no E can be omitted in (i). 

Set D := i u~ l {Z x {0}). Since ord^ is A*-invariant, Lemma 4.2 yields 
ord e (D) = ord E (a + (t)) = min{r(ord E )(a), b E }. 


We claim that we have in fact ord£(IA) = b E . As recalled in Example 2.4, the blow-up 
p: X — > X x A 1 along Z x {0} satisfies Xq = p~ 1 (Z x {0}) + F, with F the strict transform 
of A x {0}. Denoting by v: X — » X the normalization morphism, we infer Xq = D + i v*F, 
and hence b E = ord/?(To) = ord E (D). 

This shows in particular that the valuations bff ord^; are the Rees valuations of a + (t). 
We also get that v E (a) = bf 1 r(ord E )(a) > 1, and hence a m C f] E {f e \ v E {f) > m}. 
Conversely, assume / £ Ox satisfies v E (f) > m for all E. Since the bff ord E are the Rees 


valuations of a + (t ), applying Theo rem 
weight 0 part of (a + (t)) m , Lemma 4.9 


1.10 


on A x A 1 yields / £ (a + ( t)) m . Since a m is the 


yields / £ a m , and we have thus established (i). 


Finally, let S be any finite set of Ad-invariant valuations w on K(t) such that 


a m = P| {/ G O x | r(w)(f) > rn} 
w£S 
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for all m £ N. We claim that we then have 

(a + ( t)) m = P| {/ <E Ox | w(f) > m} 
w£S 


for all m > N. This will prove (ii), by the minimality of the set of Rees valuations of a + (t). 
So a ssume that / £ Ox satisfies w(f) > m for all w £ S. In terms of the Laurent expansion 

1 m-A ]-,y aS s Um ption. By 

□ 


(4.1), we ge t r(w)(f\) + A > m for all A, w, and hence f\ £ a" 
Lemma 


4.9 


we conclude as desired that / £ (a + (t)) r 


Corollary 4.10. Let (A, L) be a normal polarized variety and Z C X a closed subscheme. 
Then there exists a normal, ample test configuration (X,C) such that the Rees valuations 
of Z are exactly the divisorial valuations ve on X associated to the non-trivial irreducible 
components of Xq. 


Proof. Let p: X —> X x A 1 be the normalized blow-up of Z x {0}, so that X is the normaliza¬ 
tion of the deformation to the normal cone of Z. As recalled in Lemma 1.8, D := fi~ 1 (Z) is a 
Cartier divisor with — D ample. We may thus choose 0<c<l such that C := /RL&i — cD 
is ample, and (X , C) is then a normal, ample test configuration. The rest follows from Theo¬ 
rem |4[8l □ 


4.4. Log discrepancies and log canonical divisors. In this section we assume that k has 
characteristic 0. Let B be a boundary on X. Recall the definition of A^x^b) from 

Proposition 4.11. For every irreducible component E of Xq, the log discrepancies ofvE and 
ord^ (with respect to the pairs (X,B) and ( X a i,B a i), respectively) are related by 

a (x,b){ve ) = ^(x a1 ,b a1 ) ~ 1 

= ^(x Al ,s Al +Xx{o})( b P ord s)- 

Recall that A/ x ,b) (Ttriv) is defined to be 0, and that bE = ord^Ao) = ord e(^)- 

Proof. If E is the strict transform of X x {0}, then A^ Xt B){ v E) = ^pc.^lTtriv) = 0, while 
A (.x Al ,B Al )(ord E ) = b E = l. 

Assume now that E is non-trivial. Since v E is a divisorial valuation on X, we may find 
a proper birational morphism X' —>• X with X' smooth and a smooth irreducible divisor 
F C X' such that v E = cordp for some rational c > 0. By Lemma |4.5[ the divisorial 
valuation ord^; is monomial on with respect to the snc divisor X' x {0} + Fpj , with 
weights ord^(A' / x {0}) = b E and ord^pA 1 ) = ^eve(F) = b E c. It follows (see e.g. |JM12l 
Prop. 5.1]) that 

^(x Al ,B Al )(ord E ) = b E A {XikUBKl) (ord Xx{0} ) +b E cA { x AltBAl) (ord FAl ) 

= b E + b E cA^ XB ) (ord_p) = b E (l + A^ X)B )(v E )) , 

which completes the proof. □ 

Now consider a normal test configuration X for X, with compactification X. As in 
let B (resp. B) be the closure of B x (A 1 \ {0}) in X (resp. X). The log canonical divisors on 
A 1 and P 1 are defined as 

K l °?:=K A1 + [ 0] and := A P i + [0] + [oo], 


{ 3.4 


£1.5 












34 


SEBASTIEN BOUCKSOM, TOMOYUKI HISAMOTO, AND MATTIAS JONSSON 


respectively. We now set 


K l °l B) : = K X + B + T 0 ,red, 

K l °l §) : = K X +B + T 0 ,red + *oo,red 

= K x + B + Afo^ed + Too j 

and call these the log canonical divisors of (X,B) and (X,B), respectively. Similarly, 


K 


log 


■ — A' 1 ' 

i. i • — J V 


— 7T* K 


log 


— -frfWSVA 1 _ (*0 — ^O.red) 


and 


zy 10 g _ . _ rv lo S _ _* iv 10 g 

(Y.BJ/P 1 • (X,B) P 1 


— ^(X.B)/!? 1 ~ (*0 — Ag red) 

are the relative log canonical divisors. Again we emphasize that these Q-Weil divisor classes 
may not be Q-Cartier in general. 

There are two main reasons for introducing the relative log canonical divisors. First, they 
connect well with the log discrepancy function on divisorial valuations on X. Namely, consider 
normal test configurations X and X' for X, with X' dominating X via p: X' —> X. Suppose 
that B) * s Q-Cartier. Then 

- sKim p. = a.-^(Aa'■EAwwW'I*'' < 4 - 4 ) 

E' 

where E' ranges over the irreducible components of Xq. Combining this with Proposition 
we infer: 


4.11 


Corollary 4.12. For any normal test configuration X dominating X A i via p: X —> X&i, we 
have 


A' lo - g _ 

(X ,B)/W 1 


p* K 


log 

(XpijBpp/P 1 


= K 


log 

(A’,B)/A 1 


p*K 


log 

(A a i,B a i)/A 1 


y^ j b E A(x,B)(vE)E, 

E 


(4.5) 


with E ranging over the irreducible components of Xq. 


Second, the relative log canonical divisors behave well under base change. Namely, let 
(X c i, Cfi) be the normalized base change of (A, £), and denote by fd '■ IP 1 —> IP 1 and gd- Xd —> X 
the induced finite morphisms, both of which have degree d. The pull-back formula for log 
canonical divisors (see e.g. Kol 14. §2.42]) then yields 

FZa)= md 4° e = ( 4 - 6 ) 

so that Bd y v i = 9d-^ l (X B)/P 1- Note that while the (relative) log canonical divisors above 
may not be Q-Cartier, we can pull them back under the finite morphism gd, see |Koll4l §2.40]. 


5. Duistermaat-Heckman measures and filtrations 

In this section, we analyze in detail the limit measure of a filtration, a concept closely related 
to Duistermaat-Heckman measures. This allows us to establish Theorem A and Corollary B. 
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5.1. The limit measure of a filtration. Let X be a variety of dimension n, L an ample line 
bundle on X, and set R = R(X,L). Let us we review and complement the study in [BC111 
of a natural measure on M associated to a general M-filtration F*R on R. 

Recall that the volume of a graded subalgebra S C R is defined as 


n\ 


vol(S') := limsup-dim S m £ 

m —»oo Tfl n 


(5.1) 


The following result is proved using Okounkov bodies |LM09llKK12] (see also the first author’s 
appendix in |Sze 15]). 

Lemma 5.1. Let S C R be a graded subalgebra containing an ample series, i.e. 

(i) S m 0 for all m 3> 1; 

(ii) there exist Q-divisors A and E, ample and effective respectively, such that L = A + E 
and H°(X,mA ) C S m C H°(X,mL ) for all m divisible enough. 

Then vol(S') > 0, and the limsup in (5.1) is a limit. For each m 1, let a m C Ox be 
the base ideal of S m , i.e. the image of the evaluation map S m < 8 > Ox(—mL) —> Ox, and let 
/j„,: X m —y X be the normalized blow-up of X along a m , so that Ox rn ■ a m = Ox m (—F m ) with 
F m an effective Cartier divisor. Then we also have 

Vol ( 5 ) = JSL *m L - b F m) U ■ 


Now let F*R be an M-filtration of the graded ring R, as defined in 11.1 We denote by 


\(m) _ \(m) fim) _ ,(m 

"max — ^ ^ A N m ~ ini 


(m) 


iW 


the successive minima of F*H [) {X , m.L). As R is an integral domain, the sequence (\^ x ) m £N 
is superadditive in the sense that A max™' ^ , and this implies that 


Amax — A max (F R ) :— lim 


k (m) ,(m) 

^max 


m—>oo TYl 


= sup 

m> 1 ^ 


£ (—oo, +oo]. 


By definition, we have A max < +oo iff there exists C > 0 such that F x E[ 0 (X,mL) = 0 for 
any A, m such that A > Cm, and we then say that F*R has linear growth. 

For example, it follows from [PS0T1 Lemma 3.1] that the filtration associated to a test 
configuration (see £2.5) has linear growth. 


Remark 5.2. In contrast, there always exists C > 0 such that F*H°(X,mL) = H°(X,mL) 
for any A ,m such that A < —Cm. This is a simple consequence of the finite generation of R, 
cf. TfCl 1 . Lemma 1.5]. 


For each A £ M, we define a graded subalgebra of R by setting 

RW ■= 0 F mX H°(X,mL). 


(5.2) 


mGN 


The main result of |BCll] may be summarized as follows. 


Theorem 5.3. Let F*R be a filtration with linear growth. 

(i) For each A < A max , R^ contains an ample series. 

(ii) The function A e-)- vo^l?^) 1 /” is concave on (—oo, A max ), and vanishes on (A max , +oo). 
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(iii) If we introduce, for each m, the probability measure 





, 

Z_ j m 1 A 


(m) — 


d dim F mX H°(X,mL) 
dX N m 


(5.3) 


o 

on R, then v m has uniformly bounded support and converges weakly as m ^ oo to the 
probability measure 


: = ~^-V~ 1 vo 1(R (A) ). 

CL A 


(5.4) 


We call v the limit measure of the filtration F m R. The log concavity property of vol(R^) 
immediately yields: 


Corollary 5.4. The support of the limit measure v is given by supp v = [A m i n , A max ] with 

A min := inf |a E R | vol(R (A) ) < f} . 

Further, v is absolutely continuous with respect to the Lebesgue measure, except perhaps for 
a point mass at A max . 

More precisely, the mass of u on {A max } is equal to lim / \_ > ,M max v vol(i?^ A ^). 

Remark 5.5. While we trivially have A m i n > limsup m _ > . 00 m _1 A|^, the inequality can be 
strict in general. It will, however, be an equality for the filtrations considered in §5.3| and §5.-4 

Remark 5.6. Let F*R(X,L ) be a filtration of linear growth and limit measure u. For any 
r E Z>o, we obtain a filtration F*R(X,rL) by restriction. This filtration also has linear 
growth and its limit measure is given by r*v. 


5.2. Limit measures and Duistermaat-Heckman measures. Now suppose L is an am¬ 
ple Q-line bundle on X. To simplify the terminology, we introduce 


Definition 5.7. We define the Duistermaat-Heckman measure of any semiample test con¬ 
figuration of (X,L) as DH (x.C ) := DH (A amp ,£ amp ); where (T amp ,£ amp ) is the ample model of 
(X,C) as in Proposition 2.17 

With this definition, Duistermaat-Heckman measures are invariant under normalization: 

Corollary 5.8. If (X,C) is a semiample test configuration for (X,L), and (X,C) is its 
normalization, then DH^ ^) = DH^^. 

Proof. Let (T amp ,£ amp ) be the ample model of (X,C) and (T amp ,£ amp ) its normalization. 
The composition X —> X Amp lifts to a map X —> X amp , under which C is the pullback of £ 


By the uniqueness statement of Proposition 2.17 
By definition, we thus have DH (x,c) = DH^. 
Theorem |3.14| yields DH 


-'amp • 


(^ampj ^amp) 

and DEL 


( Y amp ,/Z a mp ) 


= DH 


(* ai 


is the ample model of (X, £). 
= DH,? r whereas 

□ 


(X,C) (^amp^amp) 

j, concluding the proof. 


We now relate Duistermaat-Heckman measures and limit measures. Recall from 12.5 that 
any test configuration for (X, L) induces a filtration of R(X, rL) for r sufficiently divisible. 


Proposition 5.9. If(X,C) is semiample, then, for r sufficiently divisible, the limit measure 
of the filtration on R(X,rL ) induced by {X,L) is equal to r*DH(T,£). 
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Proof of Proposition 5.9 Using homogeneity (see Definition 3.6 and Remark 5.6), we may 
assume r = 1. Further, (A, £) and (A amp , £ amp ) induce the same filtration on (X,L), so we 
may assume (A, £) is ample. 

By the projection formula and the ampleness of C, it then follows that the fiber at 0 of the 
vector bundle 7 T*Ox(jn£) can be identified with i7°((A)o, m(£)o), and Lemma 2.14 therefore 
shows that the weight measure of the latter G m -module is given by 


/Lff 0 ((* amp )o,m(.C am p)o) 


Y dim ( F x H°(X , mL)/F x+1 H°(X, mL )) 5 X . 

■L'm. . ™ ' ' 


xez 


As a result, /z m := (l/m)*/x^o(( A -) 0)m (£) 0 ) satisfies 

d dim F rnX H°(X, mL) 


f^m — 


d\ 


N„ 


and hence converges to the limit measure measure of F*R by Theorem 5.3 
5.3. Piecewise polynomiality in the normal case. 


□ 


Theorem 5.10. Let X be an n-dimensional normal variety, L an ample line bundle on X, 
and F*R a finitely generated h-filtration of R = R(X,L). Then F*R has linear growth, and 
the density of its limit measure v is a piecewise polynomial function, of degree at most n — 1. 

By the density of v we mean the density of the absolutely continuous part, see Corollary |5.4| 
Since a semiample test configuration of a polarized variety (A, L) induces a finitely gener¬ 
ated filtration of R(X, rL ) for r sufficiently divisible, we get: 

Corollary 5.11. Let ( X , L) be a polarized normal variety. Then the Duistermaat measure 
DH (x,c) °f an y semiample test configuration (A, C) for (X, L ) is the sum of a point mass and 
an absolutely continuous measure with piecewise polynomial density. 


The general case where (A, L ) is an arbitrary polarized scheme will be treated in Theo¬ 
rem 


5.19 by reducing to the normal case studied here. 


Proof of Theorem 5.1C\ The following argument is inspired by the proof of |EL+06l Proposi¬ 
tion 4.13] J^] For r = (m, A) GNxZ, let a T be the base ideal of F X H°( X, mL), i.e. the image of 
the evaluation map F x P[ 0 (X,mL) Ox^—mL) —> Ox- Let p T : X T —> X be the normalized 
blow-up of a T , which is also the normalized blow-up of its integral closure a r . Then 

Ox T ■ dr = Ox T ■ iR = Ox t (—F t ), 
with F t a Cartier divisor, and we set 

Vr := (AL - ±f t ) u . 

Since R^ contains an ample series for A E (—oo, A max ), Lemma 

vol(R (A) ) = lim V, r mX i ). 


5.1 


yields 


Now, we use the finite generation of F*R, which implies that the N X Z-graded Ox-algebra 


©, 


eNxZ' 


is finitely generated. By |EL+06j Proposition 4.7], we may thus find a positive 


integer d and finitely many vectors = (mi, A*) ENxZ, l<i<r, with the following 
properties: 


■^While the base field in loc.cit. is C, the results we use are valid over an arbitrary algebraically closed field. 
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(i) e\ = (0, —1), e r = (0,1), and the slopes a* := A i/mi are strictly increasing with i; 

(ii) Every r E N X Z may be written as r = piei + pi+iCj+i with i. Pi,Pi+ 1 E N uniquely 
determined, and the integral closures of a dr and aFf e ■ a^’ +1 i coincide. 

Choose a projective birational morphism p: X' —> X with X' normal and dominating the 
blow-up of each a dei , so that there is a Cartier divisor Ei with Ox 1 ■ a dei = Oxfi—Ef). For 
all t = (m, A) E N x Z written as in (ii) as r = pid + Pi+iei+i , we get 

' a dei ' a det+i = Ox'( — (,PiEi + Pi+lEi+i)), 


r.Pi+1 


and the universal property of normalized blow- ups t herefore shows that p factors through the 
normalized blow-up of a^’. 
of 


da 


+i 


By Lemma 1.8, the latter is also the normalized blow-up 


a 


Pi 


n Pi +1 _ 


d,€.i dCi -|_i 


&dr 


so we infer that 


a dr ■ Ox 1 = Ox> (-(PiEi + p i+ iE i+ i )), 


with pjEi + pi + iEi + \ the pull-back of As a result, we get 


V dT = ( p*L - ^ {piEi +p l+ 1 E i+1 )) n . 


Pick A E (0, A ma x)j so that A E [a^ai+i) for some i. We infer from the previous discussion 
that 


vol (R W )= lim E (m |- toA -|) = (p*L - (fi(X)Ei + f i+ i(\)E i+ i)) n 

m —Vnn v 51 1 ' 


for some affine functions fi, fi+i, and we conclude that vol(i?( A l) is a piecewise polynomial 
function of A E (—oo,A max ), of degree at most n. The result follows by (5.4). □ 


Remark 5.12. For a finitely generated Z-filtration F*R, the graded subalgebra is finitely 
generated for each A E Q |EL+06| , Lemma 4.8]. In particular, vo 1(R (a) ) E Q for all A E 
Q C ( OO, A ma x)- 


5.4. The filtration defined by a divisorial valuation. Let X be a normal projective 
variety and L an ample line bundle on X. 

Any valuation v on X defines a filtration F*R by setting 

FyH°(X, mL) := {s E H°(X,mL) \ v(s) > A} . 

As a special case of |BKMS15l Proposition 2.12], F*R has linear growth for any divisorial 
valuation v. The following result will be needed later on. 


Lemma 5.13. Let v be a divisorial valuation on X , and let v be the limit measure of the 
corresponding filtration F*R. Then suppz/ = [0,A max ]. In other words, we have 

dim {s E H°(X,mL) \ v(s) > Am) 

lim ---—- - < 1 

m—¥ oo N m 

for any A > 0. 


The equivalence between the two statements follows from Corollary 5.4 above. 
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Proof. Let Z C X be the closure of the center cx(y) of v on X, and w a Rees valuation of 
Z. Since the center of w on X belongs to Z = cx(v), the general version of Izumi’s theorem 
in mm yields a constant C > 0 such that v(f ) < Cw(f ) for all / € Ox,c x (w)- 

Let p: X' —>• X be the normalized blow-up of Z and set E := p~^(Z). By definition, 
the Rees valuations of Z are given up to scaling by vanishing order along the irreducible 
components of E. Given A > 0, we infer that 

{v > Am} C n*Ox , (— , m8E) 
for all 0 < 5 <C 1 and all m > 1. It follows that 

{s € H°(X, mL) | v{s) > eAm} -A H° (X',m (p*L - SE)) , 

so that vol(i?i A i) < (p*L — 5E) n . But since —E is //-ample, p*L — 5E is ample on X' for 
0 < 8 <C 1 , so that 

^r(p*L - 8E) n = -n(E ■ (p* L - 8E ) n " 1 ) < 0. 
a\ 

It follows that 

vol(R (A) ) < (p*L - 8E) n < (, u*L) n = V 

for 0 < 8 <C 1 , hence the result. □ 


Remark 5.14. At least in characteristic zero, the continuity of the volume function shows 
that vol (R^) —> 0 as A —>■ A max from below, so that v has no atom at A max; and is thus 
absolutely continuous on M (cf. |iBKMS15. Proposition 2.25]}. 

On the other hand, F m R is not finitely generated in general. Indeed, well-known ex ample s 
of irrational volume show that vol(R^) can sometimes be irrational (compare Remark 5.12). 


Remark 5.15. The filtration defined by a valuation and its relation to K-stability has been 
recently studied by Fujita |Fuj 1 5a| |Fujl5b[ [Fujl 6 | , Li |Lil51 iLiTH] and Liu [Liu m. 


5.5. The support of a Duistermaat-Heckman measure. The following precise descrip¬ 
tion of the support of a Duistermaat-Heckman measure is the key to the characterization of 
almost trivial ample test configurations to be given below. 


Theorem 5.16. Let [X,C) be a normal, semiample test configuration dominating X&i, and 
write L = p*Lpp+D with p: X —> X A i the canonical morphism. Then the support [A min . A max ] 
of its Duistermaat-Heckman measure satisfies 

A min = nrin bf. 1 ord E (D) and A max = nraxft^ 1 ord E (D) = ord e 0 (D), 

E E 

where E runs over the irreducible components of Xq, bE ■= ordB(To) = ord^(t), and Eq is 
the strict transform of X x {0} (which has bE 0 = 1). 


Lemma 5.17. In the notation of Theorem 5.16 , the induced filtration of R satisfies, for all 
m divisible enough and all A £ Z, 


F x H°{X, mL) = p| {s e H°(X, mL) \ v E {s) + m bf} ord E (D) > A} , 

E 

where E runs over the irreducible components of Xq. 


According to Lemma 4.5, ve is a divisorial valuation on X for E Eq, while ve 0 is the 
trivial valuation (so that ve 0 (s ) is either 0 for s / 0 , or +oo for s = 0 ). 
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Proof. Pick any m such that mC is a line bundle. By (2.1), a section s G H°(X,mL ) is 
in F x x £jH°(X,mL) iff st~ x G H°(X,m£), with s the G m -invariant rational section of mC 

induced by s. By normality of X, this amounts in turn to ord^; > 0 for all E, i.e. 

ord£?(s) > Afor all E. The result follows since m£ = p*(mL A i) + mD implies that 


orde(s) = 7 , (orde)(s) + mor&E{D) = Bevels ) + mords(T>). 


□ 


Lemma 5.18. In the notation of Theorem 5.16. the filtration F'H°(X,mL ) satisfies 


A 


(m) 


= min bD ord/r(Z)) and 
m E E y ' 


A 


(m) 


= ord£; 0 (iA) = rnaxfrg 1 ord e(D) 


m 


for all m divisible enough. 

Proof. Set c := ming bf, 1 ord^(L>), and pick m divisible enough (so that me is in particular 
an integer). The condition ve(s ) + m o rdc(- P) > mcbE automatically holds for all s G 
H°(X,mL ), since ve(s ) > 0. By Lemma 5.17 we thus have F mc H 0 (X,mL) = H°(X,mL), 
and hence me < A)™'. 


We may assume mL is globally generated, so for every E we may find a section 

r\ \ (in') 

s G H°(X,mL ) = F x ^nH°(X, mL) 


that does not vanish at the center of ve on X, i.e. ve(s) = 0. By Lemma 5.17, it follows that 
mord.E{D) > ASince this holds for every E, we conclude that me > A^. 

We next use that mC = p*(mL A i) + mD is globally generated. This implies in particular 
that O x {mD) is p-globally generated, which reads 

O x {mD) = p*O x (mD) ■ O x 

as fractional ideals. But we trivially have p*O x (mD) C Ox Al {n^p*D), and we infer 

D < p*p*D. 

Now p*D = ord£ 0 (.D)AL x {0}, hence p*p*D = ord^ 0 Xq, which yields ord e{D) < ord E 0 (D)bE, 
hence ord e 0 (E>) = maxg bfX ot<1e{D). 

Since p*O x (mD) is the flag ideal a ^ of Definition 


2.19 


we also see that 


mmaxfcg, 1 ord e{D) = min {A G Z | mD < ATo} 


= min | A G Z | t A G = max |a G Z | a^ m ' ) / o| 


and we conclude thanks to Proposition 2.21 


□ 


Proof of Theorem 5.16. In view of Corollary 5.4, the description of the supremum of the 


support of v = DH(^£) follows directly from Lemma 5.18 

We now turn to the infimum. The subtle point of the argument is that it is not a priori 
obvious that the stationary value 


A 


(m) 


m = ord E (L>) 
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given by Lemma 5.18 which is of course the infimum of the support of u m . as in (5.3), should 


also be the infimum of the support of their weak limit v = lim. m v m . What is trivially true is 
the inequality 


min b E ord E (D) = inf supp u m < inf supp u. 
E 


Now pick A > ming b E l ord E (D). According to Corollary 


5.4 


it remains to show that 


, dim F mX H° (A, mL) 

lim --—- - < 1. 

m—>oo Nm 


(5.5) 


Note that e := Xb E — ord E (D) > 0 for at least one irreducible component E. By Lemma 5.17 
it follows that 

F mX H°(X,mL ) C {s € H°{X,mL) \ v E (s) > me} . 


(5.6) 


By Lemma 4.5 v E is either the trivial valuation or a divisorial valuation. In the former case, 


(5.5) thanks to Lemma 


the right-hand side of (|5.6|) consists of the zero section only, while in the latter case we get 

□ 


5.13 


5.6. Proof of Theorem A. Now let (X,L) be an arbitrary polarized scheme, and (X,C) 
an ample test configuration for (A, L). Theorem A and Corollary B in the introduction are 
consequences of the following two results. 

Theorem 5.19. The density of the absolutely continuous part of the Duistermaat-Heckman 
measure DH^^) is a piecewise polynomial function, while the singular part is a finite sum 
of point masses. 

Theorem 5.20. The measure is a finite sum of point masses iff (X,C) is almost 

trivial. In this case, DH (x,C) a Dirac mass when X is irreducible. 

Recall that almost trivial but nontrivial test configurations always exist when X is, say, a 


normal variety (cf. (LX141 §3.1] and Proposition 2.12). 


Proof of Theorem \5.19 . Since DH^ £) is defined as the Duistermaat-Heckman measure of 
some polarized G m -scheme by Definition 3.10, it is enough to show the result for the Duister¬ 


maat-Heckman measure DH( x,l) °f a polarized G m -scheme ( X , L) (i.e. the special case of 
Theorem 5.19 where {X,C) is a product test configuration). By (ii) in Proposition 3.9 we 


may further assume that X is a variety, i.e. reduced and irreducible. By the invariance 
property of Theorem |3.14t we are even reduced to the case where A is a normal variety, 
which is treated in Corollary |5. 11 □ 


Proof of Theorem 5.20. Using again (ii) in Proposition 3.9 and Theorem 3.14 


we may assume 


that X (and hence A) is a normal variety. By Lemma 2.10[ our goal is then to show that the 
support of DH ( * )£) is reduced to a point iff ( X , £ + cXq) = (X A i, L a i ) for some c € Q. 

In order to deduce this from Theorem 5.16, let (X',C) be a pull-back of (X,C) with X' 
normal and dominating A&i. Since (X, C) is the ample model of (X',C), we have DH^^ = 

this measure is a Dirac mass iff bf 1 ord E (D) = c 


DH 


(X',c)- I 11 the notation of Theorem 


5.16 


is independent of E, i.e. D = cXq. But this means that (A a i,L a i) is the ample model of 
[X 1 ,C — cXq), i.e. {X,C — cXq) = (A a i,L a i) by uniqueness of the ample model. □ 
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6. Non-Archimedean metrics 


From now on, X will always denote a normal projective variety, unless otherwise specified, 
and L will be a Q-line bundle on X. 


6.1. Test configurations as non-Archimedean metrics. Motivated by Berkovich space 
considerations (see 16.8 below) we introduce the following notion. 


Definition 6.1. Two test configurations (Xi,£\), (A 2 ,>C 2 ) for (X,L) are equivalent if there 
exists a test configuration (A3, £3) that is a pull-back of both (X\,£i) and An 

equivalence class is called a non-Archimedean metric on L, and is denoted by cp. We denote 
by ftriv the equivalence class of (X A i, L a i). 


A non-Archimedean metric cp on the trivial line bundle Ox can be viewed as a function 
<P : A div -A Q on the set of divisorial valuations on X. Indeed, by Theorem |4.6[ every divisorial 
valuation on X is of the form ve = bfrr(oidE), where E is an irreducible component of Xq 
for some normal test configuration X of X. We may assume cp is represented by Ox(D) for 
some Q-Cartier divisor D supported on To, and then 4>{ v e) = bf} ord e(D). When D = Xq, 
we get the constant function cp = 1. In general, there exists C > 0 such that D ± CX$ is 
effective; hence \(p\ < C, so cp is a bounded function. To the trivial metric on Ox corresponds 
the zero function. 


6.2. Operations on non-Archimedean metrics. If cpi is a non-Archimedean metric on 
a Q-line bundle Li on X and r, G Q for i = 1,2, then we get a naturally defined non- 
Archimedean metric r\(pi + r 2 (p 2 on L := ri-Li -\-r 2 L 2 as follows: if (pi is represented by a test 
configuration ( X , £f) with the same X , then cp is represented by ( X , rr£i + r^T^)- 

In particular, if cp, cp' are non-Archimedean metrics on the same line bundle L, then <p—(p' is a 
non-Archimedean metric on Ox , which will thus be viewed as a function on A dlv . If we choose 
a normal representative (X,£) of <p that dominates X A i and write as before C = p*L A i + D 
with D a Q-Cartier divisor supported on Xq, then 

((p - (ptriv){vE) = bf; 1 ord e(D) (6.1) 

for each component E of Xq. 

If /: Y —> X is a surjective morphism, with Y normal and projective, then any non- 
Archimedean metric (p on L induces a non-Archimedean metric f*<p on f*L. Indeed, suppose 
c p is represented by a test configuration (X,£). We can find a test configuration y of Y 
and a projective G m -equivariant morphism T —> X compatible with / via the identifications 
X\ ~ X, Ti — Y. Define f*<p as the metric represented by the pullback of £ to y. The 
pullback of the trivial metric on L is the trivial metric on f*L. 

6.3. Translation and scaling. The operations above give rise to two natural actions on the 
space of non-Archimedean metrics on a fixed line bundle. 

First, if <p is a non-Archimedean metric on a line bundle L , then so is 0 + c, for any cGQ. 
Thus we obtain a translation action by (Q, +) on the set of non-Archimedean metrics. 

Second, we have a scaling action by the semigroup N* which to a non-Archimedean metric 
<p on L associates a new non-Archimedean metric <pd on L for every d £ N*. If 0 is represented 
by a test configuration (X, £), then cpd is represented by the base change of (A, £) under the 
base change t -A t d . This scaling action is quite useful and a particular feature of working 
over a trivially valued ground field. Note that ^triv is fixed by the scaling action. 
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Viewing, as above, a metric <f> on the trivial line bundle Ox as a function on divisorial 
valuations, we have 

4 >d{dv ) = d<f>(v) ( 6 . 2 ) 

for any divisorial valuation v on X. 


6.4. Positivity. Next we introduce positivity notions for metrics. 


Definition 6.2. Assume L is ample. Then a non-Archimedean metric (f on L is called 
positive if some representative (V, £) of 4> is semiample. 

We denote by / H NA (L) the set of all non-Archimedean positive metrics onL, i.e. the quotient 
of the set of semiample test configurations by the above equivalence relation. 

We sometimes write ?7 NA when no confusion is possible. The notation mimics TL = TL{L) 
for the space of smooth, positively curved Hermitian metrics on L when working over C. 

Lemma 6.3. When L is ample, every metric (j) E Tl NA (L) is represented by a unique normal, 
ample test configuration (X,C). Every normal representative of (j) is a pull-back of (X,C). 


Proof. We first prove uniqueness. Let (Afj,£j), i = 1,2, be equivalent normal ample test 
configurations, so that there exists (A 3 , £ 3 ) as in Definition |6.1| For i = 1,2, the birational 
morphism m : X 3 —> A satisfies (m)*Ox 3 = Ox ,, by normality of X t . It follows that (Ai,£i) 
and (X 2 , £ 2 ) are both ample models of (X 3 , £ 3 ), and hence {X\, C\) = (X 2 , £ 2 ) by the unique¬ 
ness part of Proposition 2.17| 

Now pick a normal representative (A,£) of (j). By Proposition 2.17, its ample model 


(Tamp, £ amp ) is a normal, ample representative, and (X,C) is a pull-back of (A amp ,£ amp ). 
This proves the existence part, as well as the final assertion. □ 


It is sometimes convenient to work with a weaker positivity notion. 


Definition 6.4. Assume L is nef. Then a non-Archimedean metric (j) on L is semipositive 
if some (or, equivalently, any) representative (A,£) of <f> is relatively nef with respect to 
X A 1 . 


In this case, £ is relatively nef for X —> P 1 , where ( X , £) is the compactification of (X, £). 
When L is nef (resp. ample), the translation and scaling actions preserve the subset of 
semipositive (resp. positive) non-Archimedean metrics on L. Positivity of metrics is also 
preserved under pull-back, as follows. If / : Y —> X is surjective morphism with Y normal, 
projective, then f*L is nef for any nef line bundle L on X, and f*cj) is semipositive for any 
semipositive metric <j> on L. If L and f*L are further ample (which implies that / is finite), 
then f*(f is positive for any positive metric on £0 

6.5. Duistermaat-Heckman measures and P-norms. In this section, L is ample. 

Definition 6.5. Let (f> E 77 NA (£) be a positive non-Archimedean metric on L. 

(i) The Duistermaat-Heckman measure of f> is defined by setting DH^, := DH^^) for 
any semiample representative of (j). 

(ii) The L p - norm of 4> is defined as the L p (u)-norm of X — A, with A := / R Adu the 
barycenter of v = DH^. 

4 This seemingly inconsistent property is explained by the fact that the (analytification of the) ramification 
locus of / does not meet the Berkovich skeleton where <j> is determined. 
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This is indeed well-defined, thanks to the following result. 


Lemma 6.6. For any two equivalent semiample test configurations {X\,Ci), {X 2 1 Co), we 
have DH ( * 1i£i) = DH ( * 2 ,£ 2 ). 


Proof. By Corollary 5.8 we may also assume that Xi is normal for i = 1,2. Since any two 
normal test configurations is dominated by a third, we may also assume that X\ dominates 
X‘ 2 - In this case, {X\,C\) and (X 2 , £ 2 ) have the same ample model, and hence the same 
Duistermaat-Heckman measure. □ 


In view of (6.1), Theorem 5.16 can be reformulated as follows. 


Theorem 6.7. If is a positive metric on L, then 


SUp (0 - 0triv) = ((/>- fitrw)(v t ri v ) = SUpSUppDH 0 . 

_Y d iv 


The key property of L p -norms is to characterize triviality, as follows. 


Theorem 6.8. Let (j) E H NA (L) be a positive non-Archimedean metric on L. Then the 
following conditions are equivalent: 

(i) the Duistermaat-Heckman measure DH^, is a Dirac mass; 

(ii) for some (or, equivalently, any) p E [l,oo], ||</>|| p = 0; 

(iii) = </>t r iv + c for some c E Q. 


Lemma 6.9. Let </> E % NA (£) be a positive non-Archimedean metric on L. For c E Q and 
d E N* , we have 

(i) DH 0 +c and DH^ d are the pushforwards of DH^ by A i-a A + c and A i-a d\, respectively. 

(ii) \\fi + c||p = ||0|| p and \\fi d \\ p = d\\fi\\ p . 


Proof. The first property in (i) follows from Proposition |3.12| (i). Let (X,C) be the unique 
normal, ample representative of and denote by (X', C) the base change of (X, £) by 1 1 —> t d . 
Then (X(,£q) — {Xq,Cq), but with the G m -action composed with t i-A t d . As a result, the 
G m -weights of H°(X(,m,C 0 ) are obtained by multiplying those of H°(Xo,mC 0 ) by d, and the 
second property in (i) follows. Part (ii) is a formal consequence of (i). □ 


Proof of Theorem\6.8\ The equivalence between (i) and (ii) is immediate, and (iii)=^(ii) 


follows from Lemma 6.9 Conversely, assume that DH^ is a Dirac mass. By Theorem 
the unique normal ample representative (X,C) of <f> is (almost) trivial. By Lemma 2.10 
means that (X, £ + cX 0 ) = (X A i, L a i), i.e. + c = <^triv- 


5^01 


this 

□ 


Remark 6.10. For each ample representative (X,C) of <f, we have, by definition, 

m = dm -J- V' |m _1 A - \\ p dim.H°(X 0 ,m£ 0 )\ 

F m —»oo J 


with 

A= lim — —- A dim H°(Xq, mCo)\. 

m^oc mN m v ' 

m Aez 

This shows that the present definition generalizes the L v -norm of an ample test configuration 
introduced in [Don02| for p an even integer. 
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6 . 6 . Intersection numbers. Various operations on test configurations descend to non- 
Archimedean metrics. As a first example, we discuss intersection numbers. 

Every finite set of test configurations Xi for X is dominated by some test configuration 
X. Given finitely many non-Archimedean metrics fii on Q-line bundles L t . we may thus find 
representatives (Xi,Cf) for 0 ,; with X\ = X independent of i. 


Definition 6.11. Let fii be a non-Archimedean metric on Li for 0 < i < n. We define the 
intersection number of the fii as 

(fio • ... • fi n ) := (Cq ■ ■ ■ ■ ■ C n ), (6.3) 

where (Xi,Cf) is any representative of <f>i with Xi = X independent of i, and where (X,Cf) is 
the compactification of (X,Cf). 


By the projection formula, the right hand side of (6.3) is independent of the choice of 
representatives. Note that the intersection number (fio ■ • • ■ ■ fin) may be negative even when 
the Li are ample and the fii are positive, since in this case C- L is only relatively semiample 
with respect to X —> P 1 . 


passing to the compactification. Indeed, if we write Co = Ox(D) and D = then 


Remark 6.12. When Lq = Ox, we can compute the intersection number in (|6.3|) without 

write Co = Ox(D) c 

, te{Ci\e • • • • • C u \e)- 
= (Li • ... • L n ) by flatness of X 


{fio 


fin) — 


E 


If fio = 1, that is, D = Xq, then 


P 1 . 


The intersection paring (fio, ..., fi n ) i— > (fio ■ ■ ■ ■■ fi n ) is Q-multilinear in its arguments in the 
sense of §6.2| By the projection formula, it is invariant under pullbacks: if Y is a projective 
normal variety of dimension n and f:Y —> X is a surjective morphism of degree d, then 
(f*fio ■ ■■■■ f* fin) = d(fio ■ ■■■■ fin)- 


Lemma 6.13. For non-Archimedean metrics fio,...,fi n on Q-line bundles Lq, ■ ■ ■ ,L n we 
have 

((fio T c) • 01 • . . . • fin) = (fio ■ • ■ ■ ' fin) T c(L\ ■ • L n ) 

and 

((fio)d ' ■ ■ • ' (fin)d) = d(fio • . . . • fin) 

for all d e N* and c E Q. 


Proof. The first equality is a consequence of the the discussion above, and the second formula 
follows from the projection formula. □ 

The following inequality is crucial. See [YZ16] for far-reaching generalizations. 

Lemma 6.14. Let L 2 ,..., L n be nef Q-line bundles on X, fi a non-Archimedean metric on 
Ox, and fii a semipositive non-Archimedean metric on Li for 2 < i < n. Then 

(fi ■ fi ■ 02 • ... • fin) < 0. (6.4) 


Proof. Choose normal representatives (X,C), (X,Cf) for fi, with the same test configuration 
X for X. We have C = Ox(D) for a Q-Cartier divisor D supported on Xq. Then (6.4) 
amounts to (D ■ D ■ C 2 ■ ... ■ C n ) < 0, which follows from a standard Hodge Index Theorem 
argument; see e.g. [LX141 Lemma 1]. □ 
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6.7. The non-Archimedean Monge-Ampere measure. Let L be a big and nef Q-line 
bundle on X, and set V := ( L n ). Then any n-tuple ..., 4> n ) of non-Archimedean metrics 
on L induces a signed finite atomic mixed Monge-Ampere measure on A dlv as follows. Pick 
representatives (A, Ci) of fa, 1 < i < n, with the same test configuration X for X and set 

MA na (&, ,..^ n ) = V~ l Y J MAb ■■■■■ £n\ E )6 VE , 

E 

where E ranges over irreducible components of Ao = Ye^eE, and ve = or de) G A dlv . 
Note that 

[ MA na (0!, ..., <t> n ) = V-\Xq • A • . . . • C n ) = V~\X l • A • ... • Cn) = V~\L n ) = 1, 

JAT div 

where the second equality follows from the flatness of A —> A 1 . When the </>* are semipositive, 
the mixed Monge-Ampere measure is therefore a probability measure. 

As in the complex case, we also write MA na ( 0) for MA na (^, ... Note that MA na (</> + 
c) = MA na (</>) for any c G Q. 

6 . 8 . Berkovich space interpretation. Let us now briefly explain the term “non-Archime¬ 
dean metric”. See [BFJ161 IBFJ15bl |BJ16 ] for more details. 

Equip the base field k with the trivial absolute value | • |o, i.e. |o|o = 1 for a G k*. Also equip 
the field K := k([t)) of Laurent series with the non-Archimedean norm in which \t\ = e _1 and 
|a| = 1 for a G k*. 

The Berkovich analytification A an is a compact HausdorfF space equipped with a structure 
sheaf [Berk90j . It contains the set of valuations v : k(X)* -> 1 on the function field of X 
as a dense subset. Similarly, any line bundle L on X has an analytification L an . The valued 
field extension K/k further gives rise to analytifications XJL and L^, together with a natural 
morphism Xf? —> X an under which L an pulls pack to L The Gauss extension in ^4] gives 
a section A an —» A“, whose image exactly consists of the k *-invariant points. 

After the base change k[t] -» fc[t], any test configuration (A, C) defines a model of ( Xk , Lk) 
over the valuation ring kft} of K = k{[t)). When A is normal, this further induces a continuous 
metric on L“, i.e. a function on the total space satisfying certain natural conditions. Using 
the Gauss extension, we obtain a metric also on L an . 

Replacing a normal test configuration (A, C) by a pullback does not change the induced 
metric on L an , and one may in fact show that two normal test configurations induce the same 
metric iff they are equivalent in the Definition |6.1| This justifies the name non-Archimedean 
metric for an equivalence class of test configurations. Further, in the analysis of jBF.T161 
IBF.T15a] , positive metrics play the role of Kahler potentials in complex geometry. 

However, we abuse terminology a little since there are natural metrics on L an that do not 
come from test configurations. For example, any filtration on R(X, L ) defines a metric on 
L an . Metrics arising from test configurations can be viewed as analogues of smooth metrics 
on a holomorphic line bundle. For some purposes it is important to work with a more flexible 
notion of metrics, but we shall not do so here. 

7. Non-Archimedean functionals 

The aim of this section is to introduce non-Archimedean analogues of several classical 
functionals in Kahler geometry; as indicated in the introduction, the analogy will be turned 
into a precise connection in |BHJ16j . 
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Throughout this section, X is a normal projective variety and L a Q-line bundle on X. 
We shall assume that L is big and nef, so that V := ( L n ) > 0. The most important case is of 
course when L is ample. 

Definition 7.1. Let V be a set of non-Archimedean metrics on L that is closed under trans¬ 
lation and scaling. Then a functional F: V —> M is homogeneous if F (4d) = dF{4) for 4> £ V 
and d £ N*, and translation invariant if F(4 + c) = F(&) for <f £V and cGQ. 


For example, Lemma 6.9 shows that when L is ample, the ZT-norm is a homogeneous and 
translation invariant functional on TL NA (L). 

7.1. The non-Archimedean Monge-Ampere energy. 

Definition 7.2. The non-Archimedean Monge-Ampere energy functional is defined by 


E NA (4) := 


(<; b n+l ) 


(n+ l)V 

for any non-Archimedean metric <f> on L. 

Here (</> n+1 ) denotes the intersec tion number defined in 1 6.6 Note that E NA (4 t r i v ) = 0 
since (0”| v ') = = 0. Lemma 


6.13 


and Proposition 3.12 imply: 


Lemma 7.3. The functional E NA is homogeneous and satisfies 


E NA (4 + c) = E NA (4) + c 
for any non-Archimedean metric if on L and any cEQ. We further have 


(7.1) 


£ NA (4) = / ADH^(dA). 
is 

when L is ample and 4 £ Tl NA (L) is positive. 

Lemma 7.4. For every non-Archimedean metric cf on L we have 


nNA 


M = (n + l)V S “ ^ triv) ' & ' M) 

K ’ 3=0 


Further, when 4 is semipositive, we have, for j = 0 ,,n — 1, 


- Civ) ■ ft ■ Civ ) > ({4 - Civ) ■ ft +1 • Civ *) ■ 


(7.2) 


Proof. Since (Cw ) = 0, we get 


(n + 1 )V£ na (0) = (r +1 ) - (C+ 1 ) = Y, 

3=0 


n-j 


Civ) ' ft ' Civ 


The inequality (7.2) is now a consequence of Lemma 6.14 


□ 


Remark 7.5. In view of Remark 6.12 \ we can write the energy functional as 

?NA (4) = 


e l 


i 


n i 


n + 1 pj v Jx* 


{4 4triv)h. 


’3i 


where /ij = MA na (^>, ... ,4, Civ; ■ ■ •, Civ) is a mixed Monge-Ampere measure with j copies 
of 4- Note that this formula is identical to its counterpart in Kahler geometry. 
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7.2. The non-Archimedean I and J-functionals. 

Definition 7.6. The non-Archimedean I and J-functionals are defined by 


I NA (</>) - V 


-l 


Civ)-^ _1 ((0-<Kriv)-<n 


and 


a na C v )-d na c 

for any non-Archimedean metric <f> on L. 

Lemma 7.7. When L is ample, we have 

V^(f) • Civ) = (</>- Civ)Criv) = sup(4> - Civ) = SUp SUpp DH^ 

Jfdiv 

for every positive metric f> E 'H NA (L). 

Proof. Choose a normal, semiample test configuration (A, C) representing <f> and such that X 
dominates X A i. Denote by p: X —> X A i the canonical morphism, so that C = p*L A i + D for 
a unique Q-Cartier divisor D supported on Xq. Then 

(</> • Civ) = (0£ - Civ) • Civ) = {D • P*Ll i) = CD ■ LJO = Vord Eo (D), 
with Eq the strict transform of X x {0} on X. Theorem |6 . 7| yields the desired conclusion. □ 

Proposition 7.8. The non-Archimedean functionals / NA and J NA are translation invariant 
and homogeneous. On the space of semipositive metrics, they are nonnegative and satisfy 

ij NA < J NA - J NA < n J NA . (7.3) 

When L is ample, we further have 

J NA (0) = supsuppDH^ — f ADH^(JA) 

Jr 

for all positive metrics </> E 'H NA (L). 


Proof. Translation invariance and homogeneity follow directly from Lemma 6.13 Now assume 
cj) is semipositive. Then (7.2) shows that / NA (0) > 0, J NA (0) > 0, and 

C” 1 ((</» - Civ) • Civ) + nV - 1 ((0 - Civ) • C) 

< (n + 1)D na C < nV~ l ((0 - Civ) • Civ) + ((A - Civ) • C) ■ 

This implies 

n (/ NA (</>) - J NA C) = n {E NA ((/)) - P _1 ((<j) - Civ) • C)) 

> P- 1 ((</> - Civ) • Civ) - E NA (cf) = J NA (C 


and similarly for the second inequality in (7.3). 

The final assertion is a consequence of Lemma 7.3 and Lemma |7.7| □ 

The above result shows that the functionals J NA and / NA are equivalent on the space of 
semipositive metrics, in the following sense: 

< (n + l)J NA . 


n + 1 jNA < jNA 


n 


We next show that they are also equivalent to the lA-norm || ■ ||i on positive metrics. 
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Theorem 7.9. Assume L is ample. Then, for every positive metric <f> G "H NA (L), we have 

c n J NA (</>) < || 0 ||i < 2 J na ( 0 ) 

with c n := 2 n n /(n + l) n+1 . In particular, J NA (<f>) = 0 iff f> = ftiiv + c for some ceQ. 

Proof. The final assertion follows from Theorem | 6 . 8 [ By translation invariance, we may 
assume, after replacing f with 4> + c, that v := DH^, has barycenter A = 0. By Proposition 


and Definition 6.5, we then have 


7.8 


J NA 0) = A max = sup supp v 


and ||</)||i = f R |A| dv. By Theorem 5.3, /(A) = u{x > A} 1//n is further concave on (— 00 , A max ). 
Theorem |7.9| is now a consequence of Lemma |7.10| below. □ 

Lemma 7.10. Let u be a probability measure on M with compact support and such that 
f R Xdn = 0 . Assume also that /(A) := n{x > A} 1 /” is concave on (—oo,A max ), with A max = 
max supp v. Then 


Cr)A max + J \X\dn + 2A max , 


(7.4) 


with c n as above. 

Proof. Since f R Adn = 0, we have 


/‘A max 

|A| dn = 2 / A du, 

Jo 


giving the right-hand inequality in (7.4). Our goal is to show that 

Mmax n n 

A du ^ 7 7 TTTTT Amax* 


/ 


(n + l) n+1 

After scaling, we may and do assume for simplicity that A max = 1. Since v is the distributional 
derivative of —/(A) n , it is easy to check that 


[ 1 \dv= I' f(\) n d\= f° (1 — f(X) n )dX. 

JO Jo J — 00 


Set a := f'( 0+) < 0 and b := /(0) G (0,1). By concavity of / on (— 00 ,1), we have /(A) < 
aX + b on (— 00 ,1) and 

/(A) > 6(1 — A) + /(1+) > 6(1 — A) 
on (0,1). This last inequality yields 


n + 1 


[ Xdu = f f(X) n dX > b n f (1 — X) n dX = b 
Jo Jo Jo 

The first one shows that 

rl rl rO rO 

/ (aX + b) n dX> f(X) n dX= (l-f(X) n )dX> (1 - (aA + b) n ) dX, 

JO Jo J— 00 J Ao 

with Aq < 0 defined by aAo + 5=1. Computing the integrals, we infer 


(7.5) 


1 


((a + b) n+l — b n+1 ) > -A 0 + 


1 


a(n + 1) 


(1 - b n+1 ) , 


a(n + 1) 
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i.e. 


(a + b) n+l - b n+1 < —aA 0 (n + 1) + 1 - b n+1 . 

Since —aAo = 6—1 and a + b > /(1_) > 0, this shows that 0 < (6 — l)(n +1) + 1, i.e. b > 
Plugging this into (7.5) yields the desired result. 


71+1 * 
□ 


Remark 7.11. The inequalities in Theorem 7.9 can be viewed as non-Archimedean analogues 
of |Darl5l (61)] and |DR,151 Proposition 5.5]. 


Remark 7.12. In our notation, the expression for the minimum norm ||(A,£)|| m given 
in |Derl5bl Remark 3.11] reads ||(A,£)|| m = — ((4> — fitnv) ■ 4> n ), he. 

R+|(A,£)|| m = / NA (^)-J NA (<+ 

where f> € H NA (L) denotes the metric induced by (A, £). It therefore follows from our results 
that the minimum norm is equivalent to the L l -norm on positive metrics. 


7.3. The non-Archimedean Mabuchi functional. From now on we assume that the base 
held k has characteristic 0. We still assume that A is a normal projective variety and L a nef 
and big Q-line bundle on X. Fix a boundary B on X. Recall the notation introduced in 14.4 
for the relative canonical and log canonical divisors. 

When L is ample, we can rewrite the definition of the Donaldson-Futaki invariant with 
respect to ((X, B); L) of a normal test configuration (A,£) (see Definition 3.17) as 

DF B (X,C) = V~\K { x mP i • l n ) + S b £ na (A,£). (7.6) 


This formula also makes sense when L is not ample. Since canonical divisor classes are 
compatible under push-forward, the projection formula shows that DF B is invariant under 
pull-back, hence descends to a functional, also denoted DF#, on non-Archimedean metrics 
on L. While it is straightforward to see that DF B is translation invariant, it is, however, not 
homogeneous, and we therefore introduce an ‘error term’ to recover this property. 


Definition 7.13. The non-Archimedean Mabuchi functional with respect to ((X, B); L) is 
M B NA («i) : = DF B ((f>) + I /" 1 ((A 0 , re d - A 0 ) • C n ) (7.7) 

= pi • £ "”) + SbE na (X, £), (7.8) 

for any normal test configuration (T,£) representing f>. 

Proposition 7.14. The non-Archimedean Mabuchi functional Af|J A is translation invariant 
and homogeneous. 


Proof. Translation invariance is straightforward to verify. As for homogeneity, it is enough 
to prove it for 


(A, C) i-a 


K]°§ 


c 


As in [LX14L §3], this, in turn, is a consequence of the pull-back formula for log canonical 
divisors. More precisely, let (A^, L£) be the normalized base change of (A, £), and denote by 
fd'- P 1 -4- P 1 and gd ■ + ^ A the induced finite morphisms, both of which have degree d. 
By ( [4hi] ) we have = ifd^i )B )/¥'' Hence we g et 


by the projection formula. 


K 


lo ? 

(X d ,B d )/ P 1 



A' lo - g - 



(7.9) 

□ 














UNIFORM K-STABILITY 


51 


Proposition 7.15. We have M|J A (</>) < DF^(</)) when <f is semipositive. Further, equality 
holds if <j> is represented by a normal test configuration (X,C) with Xq reduced. 


Indeed, the ‘error term’ in (7.7) is nonpositive since C is relatively semiample. While 
equality does not always hold in Proposition 7.15 we have the following useful result. 

Proposition 7.16. For every non-Archimedean metric <f> on L there exists do = do(</>) € Z>o 
such that DF sifid) = Adsifid) = dM^ A (4>) for all d divisible by do- 

Proof. Let (X,C) be any normal representative of <f>. Then a normal representative (X^,Cd) 
of (fu is given by the normalization of the base change of (X, C) by t H > t d . It is well-known 
(see e.g. |Stal Tag 091J] ) that the central fiber of Xj is reduced for d sufficiently divisible. 
Then DF sifid) = whereas Msifid) = by Proposition 7.14 □ 


7.4. Entropy and Ricci energy. Next we define non-Archimedean analogues of the entropy 
and Ricci energy functionals, and prove that the Chen-Tian formula holds. 

Definition 7.17. We define the non-Archimedean entropy of a non-Archimedean 

metric (j) on L by 


/ ^(X,b)(w)MA 

/ Y div 


NA 


( 0 )> 


where MA na (</>) is the non-Archimedean Monge-Ampere measure of (f>, defined in 1 6.1. 

Concretely, pick a normal test configuration {X,C) for (X,L) representing cf, and write 
Xo = and ve = bffr(ord.E). Then 

-C n ). (7.10) 


Note that Ftg A (4>) > 0 whenever (X,B) is lc and <fi is semipositive. Indeed, in this case we 


for much more precise results. 


have A( X ,b)( v e ) > 0 and (E ■ C n ) > 0 for all E. See )9.1 
As an immediate consequence of (7.10) and Corollary 

Corollary 7.18. If ( X,C ) is a normal representative of (f>, with X dominating X^i, then 


4.12, we have 


<(« = ^ 


-l 


A' lo - g _ 


• C n - V 


-1 


p*K t 


log 

(Xpi.^iJ/P 1 


■C 


(7.11) 


where p : X —> X v i is the canonical morphism. 

Corollary 7.19. The non-Archimedean entropy functional H^ A is translation invariant and 
homogeneous. 

Proof. Translation invariance is clear from the definition, since MA na (</> + c) = MA(0), and 
homogeneity follows from (7.9) and (7.11). □ 

Definition 7.20. The non-Archimedean Ricci energy R^ A ((j)) of a non-Archimedean metric 
cf on L is 

p% A (fi) ■.= v- 1 (vw ■ r), 

with if triv the trivial non-Archimedean metric on K^ x ,b) ■ 

More concretely, if (X,C) is a normal representative of cj>, with X dominating X A i, then 


RbW = F - 1 ( p* K 


• C n = V 


-log 

‘ (X p i ,B p i )/P 1 

with p: the composition of p : X —> Xpi with Xpi 


-i 


{p* k (x,b) 

X. 


■c n ), 


(7.12) 
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Proposition 7.21. The non-Archimedean Ricci energy functional i?^ A is homogenous and 
satisfies + c) = i?^ A (</>) — S B c for any ceQ. 


Proof. Homogeneity follows from (7.9) and (7.12). 

-log 


The formula for R^ A ((p + c) also follows 


from (7.12). Indeed, set M. := p*Kf^ i B ^ pl . 


Then 


R^ A ((p + c) - i? NA (0) = • (£ + cT 0 ) n ) - V~\M • £") 

= cnV~ 1 (M • £ n_1 • T 0 ) = cnV^^Kx • L n ) = -S B c. 


by flatness of T —> P 1 , since M\x 1 — ,B)i £\xi — E, and To • To = 0. 


□ 


As an immediate consequence of (7 




Proposition 7.22. The following version of the Chen-Tian formula holds: 

Mg A = Hg A + R^ a + S b E na . 

Remark 7.23. In the terminology of (Odal2aj . H B A (cp) + V ((To — T 0jre d) ■ E n ) coincides 
(up to a multiplicative constant) with the ‘discrepancy term’ of the Donalds on-Futaki invari¬ 
ant, while S B E NA (cp) + R§ A ( 4>) corresponds to the ‘canonical divisor part’. 


7.5. Functoriality. Consider a birational morphism p: X' —> X, with X' a normal projec¬ 
tive variety. Set L' := fi*L and define a boundary B' on X' by Kr X ',B') = fi*K{x:,B) and 
p*B' = B. For any non-Archimedean metric <j) on L, let <p' = p*(p be the pullback, see 
Note that L' is big and nef. By the projection formula, we have V' := (( L') n ) = V and 

S B > ■■= niV ')- 1 i-K {X ',B') ' ( L ') n - 1 ) = S B . 

Let us say that a functional F = Fx,b on non-Archimedean metrics is pull-back invariant 
if Fx' )B ' (<p') = F x , B {(p) f° r every non-Archimedean metric <p on L. 

Proposition 7.24. The functionals E NA , I NA , J NA , DF§ A ; M B A , H B A and R^ A are all 
pullback invariant. 


{ 6.2 


Proof. Let (T, C) be a normal representative of cp such that T dominates X A i. Pick a normal 
test configuration X' that dominates X(j and such that unique G m -equivariant birational 
map X' —> T extending p is a morphism. Then cp' is represented by ( X 1 ,CJ ), where C is 
the pullback of C. The pullback-invariance of the all the functionals now follows from the 
projection formula for the induced map X' —> X. □ 


Recall from (6.2 that if cp is a non-Archimedean metric on L, then rep is a non-Archimedean 
metric on rL for any r € Q>o- One directly verifies that the functionals E NA , / NA and J NA are 
homogeneous of degree 1 in the sense that E NA (rcp) = rE NA (cp) etc, whereas the functionals 
DFs, M b , H b and R B are homogeneous of degree 0, that is, DFs(r0) = DFs(0) etc. 


7.6. The log Kahler-Einstein case. In the log K abler-Einstein case, i.e. when K/ x ,b) is 
proportional to L, the formula for M B A takes the following alternative form. 

Lemma 7.25. Assume that K^x.b) = AL for some A £ Q. Then 

M£ A = H^ a + A (/ NA - J NA ) . 












UNIFORM K-STABILITY 


53 


Proof. Let iptm and t r i v be the trivial non-Archimedean metrics on K( X ,b) and L, respec¬ 
tively. Since K (Xpl , Bpl ) = XL P i we get 

rTw = v-\^ tTiv ■ r) = ar - 1 (^tnv ■ r) ■ 


Further, Sb = —n\, so we infer 


+ SbE^W = XV 


'NA/ 


r-1 


n 


= XV 


-l 


(0triv^)-— Ar +L ) 
n + 1 

6" +1 )-((<^-0 triv)'^) 


n + 1 


= A [E na W - V- 1 ((</> - <(w) ■ r)} = A (/ NA (</>) - J NA (</>)) 


which completes the proof in view of the Chen-Tian formula. 


□ 


7.7. The non-Archimedean Ding functional. In this section, (X,B) denotes a weak log 
Fano pair, i.e. A is a normal, projective variety and B is a Q-Weil divisor such that ( X , B) is 
subkit with L := —K^x,B) big and nef. For example, X could be smooth, with —K x ample 
(and B = 0). 

The following non-Archimedean version of the Ding functional first appeared in Berm Hi J^] 
It plays a crucial role in the variational approach to the Yau-Tian-Donaldson conjecture 
in mm-, see also |Fujl5b[ |Fujl6| . The usual Ding functional was introduced in jDm88|. 

Definition 7.26. The non-Archimedean Ding functional is defined by 

nNA ._ r NA _ piNA 
B ' B "> 

with 

: = inf (A(x,B)(v) + (fi- 4>triv)(v)), 

the infinimum taken over all valuations v on X that are divisorial or trivial. 

Recall that — fitiiv is a non-Archimedean metric on O x , which we identify with a bounded 
function on divisorial valuations. 


Proposition 7.27. The non-Archimedean Ding functional D^ A is translation invariant, ho¬ 
mogenous, and pullback invariant. 


Proof. By the corresponding properties of the functional E NA , it suffices to prove that L 


^NA 

B 


is homogenous, pullback invariant, and satisfies Lg(cf + c) = Lg((f)) + c for c G Q. 

The latter equality is clear from the definition, and the homogeneity of D^ A follows 
from ( |6.2| ) applied to the metric </> ~ fitriv on Ox, together with the fact that A( X B )(tv ) = 
tA( X ,B)( v ) for t £ Q+- Functoriality is also clear. Indeed, with notation as in £ 7.5l and with 


the identification of divisorial (or trivial) valuations on X and X ’, we have, by construction, 
4>' - ^triv = <t> - fitriv and A(x,B) = A(X',B')- 


Thus Lg A (0') = Lg A (</>)• 


□ 


Proposition 7.28. For every non-Archimedean metric cf on L, we have D^ A (fi) < J NA ((f>). 


‘’This appears in IBerml6l Proposition 3.8]. See also Proposition 


7.29 


below. 
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Proof. The trivial valuation utriv on X satisfies Ai x ,B){ v tr\v) = 0 and E NA ((f>) + J NA (</>) = 
(4> ~ ^triv)(^triv)- Hence 

Tb A (^) < A(X,B)(vtT iv) + (0 - 0triv)(«triv) = E NA ((j)) + J NA (0), 

which yields D^ A ((f) < J NA (0). □ 

In the definition of the Ding functional, we take the infhnum over all divisorial valuations 
on X. As the next result shows, this is neither practical nor necessary. 


Proposition 7.29. Let <j) be a non-Archimedean metric on L = —K( X ,b) determined on a 
normal test configuration (X, C) for (A, L), such that (A, B + Ao jre d) is a sublc pair. Write 

^ + ^(X,B)/A 1 = E>x{D), 

for a Q-Cartier divisor D on X supported on Xg. Then 

^S A ( < / > ) = ^{X ,B+X 0 ,red-D)(Alo) 

= min (A, x m(v E ) + <km){v E )) , 

h/ 

where E ranges over the irreducible components of Xg. 


Note that the assumption that ( X , B + Ao )re d) be sublc is satisfied when ( X , B + Xg) is log 
smooth (even when Xg is not necessarily reduced). 

Proposition 7.29 shows in particular that the definition of D^ A given above is compatible 
with (Berm 16) Fujl5b|. By [Berm 16) Proposition 3.8], the non-Archimedean Ding functional 


is thus the limit of the usual Ding functional in the sense of (0.2); hence the name. 


Lemma 7.30. Let w be a divisorial valuation w on X centered on Xg and normalized by 
w(Xg) = 1, and let v = r(w ) be the associated divisorial (or trivial) valuation on X. Then 

A(x,B+x 0:ie . d )(w) + w{D) = A( X ,b){v) + (</>- (/> triv)(u)- (7.13) 

In particular, ord E (D) = b E (A( X b)( v e ) + {4> ~ 4>tm){v E )) for every irreducible component E 

0fXg. 


Proof. Pick any normal test configuration X' for X dominating both X and X A i via p : X' —> 
X and p: X' -A X A i, respectively, such that w = bf) ord E > for an irreducible component E' 
of X(. By (4.4) and (4.5) we have 


K 


and 


(X',B')/ A 1 P ^{X,B)/A x E ^(A,S+A , 0 . red )( or d j E/)Ll , 


K {X',B')/ a 1 P ,b a i) /A 1 — '^b E 'A( X}B )(v E >)E , 


respectively. We also have 

p*C = -P*^1°x S a1?Bai)/a1 + E - MME 1 


E' 


Putting this together, and using D = C + K l °^ we get 

p*D + E A(x,B+x 0 , ied ){° T d E i)E' = E i> E fAp x ,B)(E E fi + (</> - ftn v)(v E ’))E', 


E’ 


E‘ 
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and taking the coefficient along E' yields (7.13). Finally, the last assertion follows since 


A, 


(x,B+x 0 rcd)( w ) = w l ien w = ^e 1 ord^ for any irreducible component E of Xq. 


□ 


such 


Proof of Proposition 7.29 , Recall that \ct(x,B+x 0 red _D)(-^b) is the supremum of c £ 
that 

0 < A(X,B+X 0 ^ ed -D+cX 0 ){ w ) = A(x,b+x o, ied )(. w ) + W ( D ) ~ cw(X. o) 
for all divisorial valuations w on X. Here it suffices to consider w centered on Xq. Indeed, 
otherwise w(D) = w(X 0 ) = 0 and A (x ,B+x 0 , red )M = A (x a 1 ,b a i)H > 0, since (X a i,B a i) 
is sublc. If w is centered on Xq, then we may after scaling assume that w(X, o) = 1. In this 
case, (7.13) applies, and shows that lct^ ,b+x 0 rcd -D)(^b) = P NA ((f>)- 

It remains to prove that L NA (cf>) < £ := mii\E{A^x,B){ v E) + (4> — </>triv)(FE))> where E 
ranges over irreducible components of Xq. The inequality L NA ((j!>) < i is obvious. For the 
reverse inequality, note that Lemma 7. 30| implies D > £Xq. We now use the assumption that 
(X ,B + XQ re (f) is sublc. Consider w and v as above. On the one hand, (X,B + Xq^q) being 
sublc implies A^ xt3+x0rcd )(w) > 0. On the other hand, we have w(D) > l since D > £Xq. 
Thus (7.13) yields A( X ,b){ v ) + (4> — 4>trw){v) > l. Since this is true for all divisorial or trivial 
valuations on X, we get L NA (</>) > £, which completes the proof. □ 


7.8. Ding vs Mabuchi. We continue to assume that ( X , B ) is a weak log Fano pair. By 


Lemma 7.25, the non-Archimedean Mabuchi functional is given by 


M; 


NA 


= A _ (/«A _ jMA). 


NA 


tNA'i 


B 


(7.14) 


For any normal test conhguration (X,C) representing a non-Archimedean metric cf> on L, we 
can write this as 


m£ a (0) = + C) • n - E* A (f) (7.15) 

= 5 ~2 Ce (A( X}B )(ve ) + (</>- (j>triv)(v E )) - E na (4>), (7.16) 

E 


where E ranges over the irreducible components of Xq and ce '■= V l bE{C n ■ E). Note that 
Ye c e = 1 and that ce > 0 if f is semipositive. 


Definition 7.31. A non-Archimedean metric <f on L = —Kt x B ) is anticanonical if it is 
represented by a normal test configuration ( X , C) for (X, —Ki XB )) such that ( X , B + Xq^q) 
is sublc and such that C = — ^(x B)/A 1 + c ^o f or some cGQ. 

Note that if <f is anticanonical, then so is f> + c for any cGQ. 


Proposition 7.32. For every semipositive non-Archimedean metric <j> on L, we have 

D* A (cf) < M b A (4>), 

with equality if f is anticanonical. 

Remark 7.33. In Kdhler geometry, the inequality Db(4>) < M B (4>) is well-known, and equal- 

therefore suggests that semipositive anticanonical non-Archimedean metrics on —K^ XB ) play 
the role of (weak) non-Archimedean Kdhler-Einstein metrics. 


ity holds iff <j> is a Kdhler-Einstein metric, see e.g. [BBEGZ16I Lemma 4.4], Proposition | 7. 32 \ 
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Proof. Consider the expression (7.16) for M NA (0). Since f> is semipositive, we have ce > 0 
and Y1e c e = 1- This implies 


m£ a 


((/)) > imn(A( X ,B)(vE) + (<j> ~ 4>tviv)(v E )) - E NA (cj)) 


> inf (A (x ,b)(v) + 0 - </> triv)(u)) - ^ NA (</>) = T»^ A ((/>). 


Now suppose f is anticanonical and let (X, C) be a test configuration for ( X , L) such that 
(X, B + Ay. re d) is sublc and such that C = + cXo for some cGQ. 

On the one hand, (|7.15|) gives M B A ((f>) = c—E NA ((f>). On the other hand, Lemma 


7.30 


yields 


A(ve) + (f> — <^>tri v)(ve) = c for all irreducible components E of Xq. Thus Proposition 7.29 


implies that D B 


NA/ 


(</>) = c — E NA (<p), which completes the proof. 


□ 


8. Uniform K-stability 

We continue working with a pair where X is a normal projective variety over a 

algebraically closed field k of characteristic zero. In this section, we further assume that the 
Q-line bundle L is ample. 


8.1. Uniform K-stability. In the present language, Definition 3.18 says that ((X, B)\ L) is 
K-semistable iff DF b{4>) > 0 for all positive metrics <f € 77 NA (L), while K-stability further 
requires that DF b(4>) = 0 only when cj) = cptriv + c for some c £ Q. In line with the point of 
view of |S ze!5| . we introduce: 


Definition 8.1. The polarized pair (( X , B ); L ) is L p -uniformly K-stable if DF b > <5|| • || p on 
?7 na (L) for some uniform constant 5 > 0. For p = 1, we simply speak of uniform K-stability. 

Since || • || p > || • ||i, L p -uniform K-stability implies (L 1 -)uniform K-stability for any p > 1. 
Note also that uniform K-stability implies (as it should!) K-stability, thanks to Theorem |6.8| 

Proposition 8.2. The polarized pair ((X,B);L) is K-semistable iff M B A > 0 on ?7 NA (L). 
It is L p -uniformly K-stable iff M B A > 5|| • || p on ?7 na (L) for some 6 > 0. For p = 1, this is 
also equivalent to M B A > SJ NA for some 5 > 0. 


Proof. We prove the second point, the first one being similar (and easier). The if part is cle ar, 
since M B A < DF#- For the reverse implication, let f> € 77 NA (L). By Proposition 7.15 we 
can pick d > 1 such that Mg A (^) = DF B(4>d)- By assumption, DF s^d) > 5||0d|| p , and we 
conclude by homogeneity of M B A and || ■ || p . 

The hnal assertion is now a consequence of the equivalence between J NA and || • ||i proved 
in Theorem 17.91 □ 


Remark 8.3. By Remark 7.12. our notion of uniform K-stability is also equivalent to uniform 
K-stability with respect to the minimum norm in the sense of [Derlhbl . 


Remark 8.4. It is clear that, for any r E Q>o and p > 1, ((X, L>); L ) is K-semistable (resp. 
L p -uniformly K-stable) iff ((X, B);rL) is K-semistable (resp. L p -uniformly K-stable). 


The next result confirms G. Szekelyhidi’s expectation that p = is a threshold value for 
L p -uniform K-stability, cf. |Sze06l §3.1.1]. 
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Proposition 8.5. A polarized pair ((X,B)\L) cannot be L p -uniformly K-stable unless p < 
^j-. More precisely, any polarized pair (( X , B);L ) admits a sequence cf £ E PL NA (L), paramet- 

"NT A 1 | 71/ 

rized by 0 < e <C 1 rational, such that Mg((j) £ ) ~ ll^ellp ~ £ p for each p > 1. 


Proof. We shall construct cj) £ as a small perturbation of the trivial metric. By Remark 8.4 
we may assume that L is an actual line bundle. Let x E X \ supp B be a regular closed 
point, and p: X —> X A i be the blow-up of (x, 0) (i.e. the deformation to the normal cone), 
with exceptional divisor E. For each rational e > 0 small enough, C £ := p*L A i — eE is 
relatively ample, and hence defines a normal, ample test configuration (X,C £ ) for (X,L), 
with associated non-Archimedean metric f) £ E PL NA (L). 

Lemma 5.17 gives the following description of the filtration F*R attached to {X,C £ )\ 

F™ x H°(X,mL) = {s E H°(X,mL) \ v E (s) > m( A + e)} 


for A < 0, and Ff nX H°(X, mL) = 0 for A > 0. If we denote by F the exceptional divisor of 
the blow-up X' —> X at x, then v E = ordi?, and the Duistermaat-Heckman measure DH e is 
thus given by 


DH e {x > A} = I/" 1 ( p*L - (A + e)F) n = 1-V-\X + e) n 


for A E (— e, 0), DH £ {.t > A} = 1 for A < —e, and DH e {s > A} = 0 for A > 0. Hence 
DH £ = nV^ _ 1 l [ _ ej0] (A + £) n ~ l dX + (1 - R _1 e n )<5 0 - 
We see from this that A max = 0, 

J NA (^) = -£ na (^) = - [ ADH e (dA) = -77 [° \(\ + e) n - 1 d\ = 0 (£ n+1 ), 

Jr v J-e 

and 


|P = / |A — E NA (cj) £ )\ p DH £ (dA) 


-1 


= nV 


= £ P+ n 


| A + 0(e n+1 )| p (A + e^dX + (1 - V~ 1 E n )0(E p( ' n+1 ^) 


nV~ l \t + 0(E n )\ p (1 - t^dt + + o(l) 


= £ P+n (c + o(l)) 


for some c > 0. The estimate for M^ A (f> £ ) is a special case of Proposition 9.12 below, but 


let us give a direct proof. By (7.8) it suffices to prove that " £”) 


~ £ 


Here 


K lo f _ = n * 

(X ,B) /P 1 " < 


log 
(TCpi ,S p i 


^ + (n + 1 )E. Since p*E 3 = 0 for 0 < j < n and ((— E) n+1 ) = 


the projection formula yields • Of) = (n + l)e n . 


- 1 , 

□ 


8.2. Uniform Ding stability. Now consider the log Fano case, that is, (X,B) is kit and 
L := —Krx,B) i s ample. We can then consider stability with respect to the non-Archimedean 


Ding functional M A on PL NA defined in {7.7 


Namely, following [BBJ15 ] (see also Fujita |Fujl5b ( |Fujl6| ) we say that (X,B) is Ding 
semistable if D^ A > 0, and uniformly Ding stable if D^ A > <5J NA for some 5 > 0. 
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A proof of the following result in the case when X is smooth and B = 0 appears in [BB.I15] . 
The general case is treated in |Fujl6| . 

Theorem 8.6. Let X be a normal projective variety and B an effective boundary on X such 
that (X, B) is kit and L := —K^ X) b) ample. Then, for any 5 6 [0,1], we have Mg A > <5J NA 
cm % NA iff D^ A > c)J NA on'H NA . In particular, ((X,B)]L) is K-semistable (resp. uniformly 
K-stable) iff (X, B) is Ding-semistable (resp. uniformly Ding-stable). 


9. Uniform K-stability and singularities of pairs 


In this section, the base field k is assumed to have characteristic 0. We still assume X is a 
normal variety, unless otherwise stated. 


9.1. Odaka-type results for pairs. Let B be an effective boundary on X. Recall that the 
pair (X,B) is lc (log canonical) if A^ x ,b)( v ) — 0 f° r all divisorial valuations v on X , while 
(X,B) is kit if A^ X B ){v) > 0 for all such v. 

Theorem 9.1. Let (X,L) be a normal polarized variety, and B an effective boundary on X. 
Then 

(X, B) lc <=> H^ a > 0 on H na (L) 

and 

((X, B)\L) K-semistable ==>- (X,B) lc. 

The proof of this result, given in j |9.3[ follows rather closely the line of argument of [Odal3b] . 
The second implication is also observed in [OSull . Theorem 6.1]. The general result of |Odal3b| . 
dealing with the non-normal case, is discussed in §9.4| 


Theorem 9.2. Let (X, L) be a normal polarized variety and B an effective boundary on X. 
Then the following assertions are equivalent: 

(i) (X, B) is kit; 

(ii) there exists 5 > 0 such that H^ A > 5J NA on j-L NA (L); 

(iii) Hg A ((j)) > 0 for every 4> € 'H NA (L) that is not a translate o/^triv- 


We prove this in 19.5 


The proof of (iii)=>(i) is similar to that of [Odal3bl Theorem 1.3] 
(which deals with the Fano case), while that of (i)=^(ii) relies on an Izumi-type estimate 
(Theorem 9.14). As we shall see, (ii) holds with 5 equal to the global log canonical threshold 
of ((X,B)-,L) (cf. Proposition |9. 16 below). 


The above results have the following consequences in the ‘log Kahler-Einstein case’, i.e. 
when K{x,b) = f° r some A e Q. After scaling L, we may assume A = 0 or A = ±1. 

First, we have a uniform version of jOSulll Theorem 4.1, (i)]. Closely related results were 
independently obtained in |Derl5bl §3.4], 


Corollary 9.3. Let X be a normal projective variety and B an effective boundary on X such 
that L := K^ X B ) is ample. Then the following assertions are equivalent: 

(i) (X, B) is lc; 

(ii) ((X,B);L ) is uniformly K-stable, with M^ A > y t J NA on H NA (L); 

(iii) ((X, B);L) is K-semistable. 


Next, in the log Calabi-Yau case we ecet a uniform version of [OSulll Theorem 4.1. (ii)]: 

























UNIFORM K-STABILITY 


59 


Corollary 9.4. Let ( X , L) be normal polarized variety, B an effective boundary on X, and 
assume that K( X ,b) = 0- Then ((X,B);L) is K-semistable iff (X, B) is Ic. Further, the 
following assertions are equivalent: 

(i) (X, B) is kit; 

(ii) ((X,B);L) is uniformly K-stable; 

(iii) ((X,B)]L) is K-stable. 


Remark 9.5. By (Odal2al Corollary 3.3], there exist polarized K-stable Calabi-Yau orbifolds 
(which have log terminal singularities) (X,L) that are not asymptotically Chow (or, equiva¬ 
lently, Hilbert) semistable. In view of Corollary 9.4, it follows that uniform K-stability does 
not imply asymptotic Chow stability in general. 


Finally, in the log Fano case we obtain: 


Corollary 9.6. Let X be a normal projective variety and B an effective boundary on X such 
that L := —K^ x ,b) ample. If ((X, B); L) is K-semistable, then H^ A > ij NA on H NA (L); 
in particular, (X,B) is kit. 


A partial result in the reverse direction can be found in Proposition 9.17 See also |OSulH 
Theorem 6.1] and |Derl5bl Theorem 3.39] for closely related results. Corollaries 9.3 
and|9.6|are proved in §9.6[ 


9.4 


9.2. Lc and kit blow-ups. The following result, due to Y. Odaka and C. Xu, deals with lc 
blow-ups. The proof is based on an ingenious application of the MMP. 

Theorem 9.7. OX 12 . Theorem 1.1] Let B be an effective boundary on X with coefficients 
at most 1. Then there exists a unique projective birational morphism /r: X' —> X such that 
the strict transform B' of B onY satisfies: 

(i) the exceptional locus of p is a (reduced) divisor E; 

(ii) (A"', E + B') is lc and K X i + E + B' is p-ample. 


Corollary 9.8. Let B be an effective boundary on X, and assume that (A, B) is not lc. Then 
there exists a closed subscheme Z C X whose Rees valuations v all satisfy x,B)( v ) < 0. 


Proof. If B has an irreducible component F with coefficient > 1, then A(x,_B)(ordp) < 0, and 
Z := F has the desired property, since ord f is its unique Rees valuation (cf. Example 1.11). 
If not, Theorem 9.7 applies. Denoting by Aj := Ap^^orde;) the log discrepancies of the 
E; of E, we have 


irreducible component 


K X > + E + B' = 7t*K ( x B) + J2 A iE;, 


(9.1) 


which proves that i AiEi is ^r-ample, and hence Ai < 0 by the negativity lemma (or 
Lemma 1.13). Proposition 1.12 now yields the desired subscheme. □ 


We next prove an analogous result for kit pairs, using a well-known and easy consequence 
of the MMP as in |BCHM| . 

Proposition 9.9. Let B be an effective boundary, and assume that (X,B) is not kit. Then 
there exists a closed subscheme Z C X whose Rees valuations v all satisfy A^ XB \(y) < 0. 
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Proof. If B has an irreducible component F with coefficient at least 1, then A( X .r) (ord/r) < 0, 
and we may again take Z = F. 

Assume now that B has coefficients < 1. Let tt: X' —> X be a log resolution of (X,B). 
This means X' is smooth, the exceptional locus E of n is a (reduced) divisor, and E + B' has 
snc support, with B' the strict transform of B. If we denote by A* := A/x,.b) (ord^) the log 
discrepancies of the irreducible component Ei of E, then ( |9.1| ) holds, and hence 

K x > + (1 - e)E + B' = 7 t*{K x + B) + ^(A* - e)E i (9.2) 


for any 0 < e < 1. If we pick e smaller than min^x) A,, then the Q-divisor D := ^T(Aj — £)F) 
is 7r-big (since the generic fiber of 7r is a point), and tt- numerically equivalent to the log 
canonical divisor of the kit pair ( X ', (1 — e)E + B') by (9.2). 

Picking any mo > 1 such that itlqD is a Cartier divisor, jBCHMl Theorem 1.2] shows that 
the Ox-algebra of relative sections 


R(X'/X,moD) := (J) iu*O X i(mm 0 D) 

m£ N 


is finitely generated. Its relative Proj over X yields a projective birational morphism /r: Y —> 
X, with Y normal, such that the induced birational map <f: X' —> Y is surjective in codi¬ 
mension one (i.e. </> -1 does not contract any divisor) and 4>*D = £T(Aj — e)(j) if Ei is /x-ample. 

Since D is /^-exceptional and 4> is surjective in codimension 1 , (f>*D is also /x-exceptional. By 
Lemma 1.13[ —<j)*D is effective and its support coincides the exceptional locus of /i. Hence that 
the /^-exceptional prime divisors are exactly the strict transforms of those Efs with Aj —e < 0, 
i.e. A* < 0 by the definition of e. As before, we conclude using Proposition 1.12 □ 


9.3. Proof of Theorem |9.1| . If (X,B) is lc, then it is clear from the definition of the 
non-Archimedean entropy functional that Hg A > 0 on % NA (L). 

Now assume that ( X , B) is not lc. By Corollary |9.8[ there exists a closed subscheme Z C X 
whose Rees valuations v all satisfy Ar x ,B)( v ) < 0- Corollary 
test configuration (X,£) of (X,L) such that 


4.10 


then yields a normal, ample 


{ve | E a nontrivial irreducible component of Ao} 

coincides with the (nonempty) set of Rees valuations of Z. Thus A x {ve) < 0 for all nontrivial 
irreducible components E of Ao- 

Denote by 4> € L/ NA the non-Archimedean metric define d by (Af,£). We directly get 

implies that the positive metric 


TT NA 
H B 


9.12 


(</>) < 0, so Hf, A ^ 0 on Lr . Further, Proposition 
= £</> + ( 1 — e)(j )tnv satisfies Mg A ((f> £ ) < 0 for 0 < e <C 1. Hence ((X, B); L) cannot be 
K-semistable. This completes the proof. 


Definition 9.10. Let (X,C) be a normal, semiample test configuration for (X,L) represent¬ 
ing a positive metric f> € F^ NA (L). For each irreducible component E of Ao, let Ze C X be the 
closure of the center of ve on X, and set ve '■= codirnx Ze- Then the canonical birational 
map X ---> X&i maps E onto Ze x {0}. Let Fe be the generic fiber of the induced map 
E —^ Ze, and define the local degree deg E (,4>) °f 4> at E as 

deg E ^) := ( F E -C E )• 
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Since L is semiample on E C Xq, we have deg E {cf) > 0, and deg^ (cj>) > 0 iff E is not 
contracted on the ample model of (X ,£). The signihcance of these invariants is illustrated 
by the following estimate, whose proof is straightforward. 

Lemma 9.11. With the above notation, assume that X dominates X A i via p: X —>■ X A i. 
Given 0 < j < n and line bundles Mi,..., M n -j on X, we have, for 0 < e « 1 rational: 


(e ■ (p*L a i + eD) j • p * (M 1iA 1 ..... M n _ jiA i)) 


je rE 

deg^X/J 

1 

i _i 

to 




for j < r E . 

Proposition 9.12. Pick G Pl NA (L) that is not a translate of <ptm, and let (X,C) be its 
unique normal ample representative. Set r := mim E r E , with r E = codim^ Z E and E running 
over all non-trivial irreducible components of the ample model (X,C) of cf (and hence r > 1). 
Let further B be a boundary on X. Then cj> e := ef + (1 — e)(j)triv satisfies 


and 


J na (4) = 0(e r+l ), RTWe) = 0(e r+1 ), 


Mf^)=^ A (4) + 0( e r+1 ) 

P- 1 Y, deg E (f)b E (Z E • L n ~ r ) A {XtB) (v E ) 


= £ 


r E =r 


+ 0 (£ r+1 ) 


Proof. Let {X',C) be a normal test configuration dominating {X,L) and (X A i, L a i). Write 
C = p*L A i + D, where p: X' —> X A i is the morphism. Note that (X with C' e = 
p*L A i + eD, is a representative of <f £ . By translation invariance of J NA and M NA , we may 
assume = 0, i.e. ord Eo {D) = 0 for the strict transform Eq of X x {0} to X', by 


Theorem 


5.16 


Then (<f £ • </>” riv ) = 0, and hence J NA ((/> e ) = —L NA (0 e ). Lemma 7.4 yields 

n 

(n + 1 )P£ na (4) = Y ( eD ■ + £ °y • P* L V) • 


j =o 


Since we have normalized D by orde 0 (-D) = 0, Lemma 9.11 implies E NA ((p £ ) = 0(e r+1 ), and 
hence J NA ((/) £ ) = 0(e r+1 ). 

Similarly, 


= (p'PZ, , Bpl) /p, ■ ( 4 ) 

= (p' K (X r l,B r i)/P‘ 

n—1 


-log 


t \n 


• (^e) ) [P K {X v 1 ,B v 1 )/V 1 


. n* T n 

P ^ 


'P 1 


Y ( £D • w l ai + £ °y • p* l i^ • p* K < og 


3=0 


(X p i,B p i)/pi 


= 0(e r+1 ). 


The expression for M^ A now follows from the Chen-Tian formula (see Proposition 7.22) and 
Lemma 9.11 applied to 

H% A (cj> £ ) = P - 1 Y A { x , B )( v E ) b E (E • (p*L A i + eD) n ) 
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where E runs over the non-trivial irreducible components of Xf □ 

9.4. The non-normal case. In this section we briefly sketch the proof of the following 
general result, due to Odaka jOda!3bl Theorem 1.2]. 

Theorem 9.13. Let X be deminormal scheme with Kx Q-Cartier. Let L be an ample line 
bundle on X, and assume that ( X , L) is K-semistable. Then X is sic. 


Recall from Remark 


3.19 


that (X,L) is K-semistable iff DF ^(X,C) > 0 for all ample test 
configurations (X,C) for (X,L). Here (X,L) and (X,£) denote the normalizations of (X,L) 
and (X, £), respectively, and B is the conductor, viewed as a reduced Weil divisor on X. On 
the other hand, X is sic iff (X, B ) is lc, by definition. 

Assuming that X is not sic, i.e. (X,B) not lc, our goal is thus to pr oduc e an ample test 
configuration (T,£) for (X,L) such that DF^(T,£) < 0. By Theorem 9.7, the non-lc pair 
(X,B) admits an lc blow-up p: X' -A X. As explained on (OX12I . p.332], Kollar’s gluing 
theorem implies that X' is the normalization of a reduced scheme X' , with a morphism 
X' -a X. As a consequence, we can find a closed subscheme Z C X whose inverse image 
Z C A is such that A,g < 0 for each Rees valuation v of Z. 

Let p: X —> X x A 1 be the deformation to the normal cone of Z. with exceptional divisor 
E, and set £ e = p*L& i — sE with 0 < e < 1. Since the normalization X of X is also the 
normalization of the deformation to the normal cone of Z, we have A,^ ve) < 0 for each 

irreducible component E of To, and Proposition 9.12 gives, as desired, DF^(T,£ e ) < 0 for 
0<£<Cl. 


9.5. The global log canonical threshold and proof of Theorem 9.2[ Recall from { 1.5 
the definition of the log canonical threshold of an effective Q-Cartier divisor D with respect 
to a subklt pair (X,B): 

1 , / n x . r A (X,B)(v) 
lct, A , B| (P) = mf — . 

A (X,B)( v ) 


Similarly, given an ideal a and c G <Q>+, we set 

lct(A',B)(a c ) := inf 


u(o c ) 


with v(a c ) := cv(a). 

The main ingredient in the proof of (i)=^(ii) of Theorem 9.2 is the following result. 
Theorem 9.14. If ((X, B)\L) is a polarized subklt pair, then 

inf lct ( x,s) (D) = inflct ( A,B)(a c ), (9.3) 

where the left-hand infimum is taken over all effective Q --Cartier divisors D on X that are 
Q-linearly equivalent to L, and the right-hand one is over all non-zero ideals a C Ox and all 
c G Q+ such that L <S> a c is nef. Further, these two infima are strictly positive. 

Here we say that L ® a c is nef if p*L — cE is nef on the normalized blow-up p: X' —> X of 
a, with E the effective Cartier divisor such that a ■ Ox> = Ox'{—E). 

Definition 9.15. The global log canonical threshold let ((AC, R); L) of a polarized subklt pair 


((X, B)] L) is the common value of the two infima in Theorem 9.If 
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Proof of Theorem 9. If 
O-Cartier divisor 


Let us first prove that the two infima coincide. Let D be an effective 


'-linearly equivalent to L. Pick m > 1 such that mD is Cartier, and set 
a := Ox(—ttiD) and c := 1/m. Then u(a c ) = v(D ) for all v, and L <8> a c is nef since L — cmD 
is even numerically trivial. Hence inf lctrx,B)(D) < inf lct(x,s)(a c ). 

Conversely, assume that L <8> a c is nef. Let /ioY'aI be the normalized blow-up of X 
along a and E the effective Cartier divisor on X' such that Ox'{—E ) = a • Ox 1 , so that 
/ i*L — cE is nef. Since —E is //-ample, we can find 0 < c' <C 1 such that p*L — c'E is ample. 
Setting c e := (1 — e)c + ed, we then have p*L — c e E is ample for all 0 < e < 1. 

Let also B' the unique Q-Weil divisor on X' such that p*K^ Xy B) = K(X'.R') an d p*B' = B, 
so that ( X 1 , B') is a pair with A(x,b ) = A( X ',b')- 

If we choose a log resolution n : X" —> X’ of ( XB' + E) and let F = Fi be the sum of 
all 7r-exceptional primes and of the strict transform of B 1 . + E re d, then 

, , , c e \ , . ( T?\ ■ A (X',B')(ord Fl ) 

Ct( - V ’ B, (“ > = = »>/■> ordF)(CrD) 


Given 0 < e < 1, pick m 1 such that 

(i) mc £ 6 N; 

(ii) m(//*L — c e E) is very ample; 

(iii) m > lct (Xii j)(a Ce ). 

Let H e | m{n*L — c e E)\ be a general element, and set D := n*(c £ E + so that D is 

Q-Cartier, Q-linearly equivalent to L, and fi*D = c £ E + m^ l H. 

By Bertini’s theorem, ir is also a log resolution of ( X', B' + E + H ), and hence 


lct(A -,b)(D) = let ( X ',b')(c £ E + m l H) = min | 


a (X',B’){v) 
v(c £ E + m~ l E[) 


v = Vi or v = ord h 


But H, being general, does not contain the center of ordo, on X' and is not contained in 
supp E, i.e. ord d^H) = 0 and ord h{E) = 0, and (iii) above shows that 

lc t(A',R)(-D) = min{lct (XiS) (a C£ ),m} = lct (XjS) (a Ce ). 


Since we have lct(x,_B)(o C£ ) = fr lct(x,R)(a c ) with c e /c arbitrarily close to 1, we conclude 
that the two infima in (|9.3|) are indeed equal. 


We next show that the left-hand infimum in (9.3) is strictly positive, in two steps. 

Step 1 . We first treat the case where X is smooth and £> = 0. By Skoda’s theorem (see for 
instance ( JM12 . Proposition 5.10]), we then have 


v(D) < ord p (D)A x (v) 

for every effective Q-Cartier divisor D on X, every divisorial valuation v, and every closed 
point p in the closure of the center of v on X. It is thus enough to show that ord p (D) is 
uniformly bounded when D ~q L. 

Let //: X' X be the blow-up at p , with exceptional divisor E. Since L is ample, there 
exists e > 0 independent of p such that L £ := p*L — eE is ample, by Seshadri’s theorem. 
Since D is effective, we have p*D > ord P (D)E, and hence 

(L n ) = (p*L ■ Lf- 1 ) > ord P {D)(E ■ L n ~ l ) = e n ~ l ord P (D), 

which yields the desired bound on ord p (D). 
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Step 2. Suppose now that (X,B) is a subkit pair. Pick a log resolution p: X' —> X , and let 
B' be the unique Q-divisor such that p*K^ XB - ) = K(X',b') an( A P*B' = B, so that 

a (x,b)(v) = a (x',b')(v) = A X '(v) - v(B') 

for all divisorial valuations v. Since (X,B) is subklt, B' has coefficients less than 1, so there 
exists 0 < e « 1 such that B' < (1 — s)B' ied . Since B' red is a reduced snc divisor, the pair 
(X',B' ied ) is lc, and hence v(B') < A X r(v ) for all divisorial valuations v. It follows that 
v(B) < (1 — e)A X /(v), i.e. 

eA x >{v) < A( X:B) (v) 

for all v. Pick any very ample effective divisor H on X' such that L' := p*L + H is ample. 
For each effective Q-Cartier divisor D ~q L, D' := p*D + H is an effective Q-Cartier divisor 
on X' with D l ~q L l . By Step 1, we conclude that 

v{D ) < v(D') < CA X i(v) < Ce^A^x^iy), 

which completes the proof. □ 


Proposition 9.16. For each polarized subklt pair ((X, B ); L), we have 

tfNA > 5/ NA > — jNA 

n 

on 'H NA with S := lct((X, B);L ) > 0. 

Proof. Pick f> £ H na , and let (X,C) be a normal representative such that X dominates X A i 
via p: X -A X A i, and write L = p*L A i + D. 

Choose m > 1 such that mC is a globally generated line bundle, and let 

p*Ox{m,D) = a (m) = ^ a ^f _A 
Aez 


be the corresponding flag ideal. By Proposition 2.21, O x (mL) <8> is globally generated 
on X for all A £ Z. In particular, L (g) (a^ rn '*) 1 / m is nef, and hence 


whenever a^ m is non-zero. 


Now let E be a non-trivial irreducible component of Xq. By Lemma 4.5 we have 

ord^a^) = min — A b B ^j 

with bE = oi&e{Xo), and hence 

ord£;(a^ m ^) < m5~ l A^ xb ^{ve) — fr^max |a £ Z | ci^"' / o| 

By Proposition 2.21} we have 

max |A £ Z | a^ m) + 0J = A^, 


which is bounded above by 


UiAmax = m{(j)■ 4>tny), 


by Lemma 7/7 We have thus proved that 

m _1 ord E (a (m) ) < A -1 A {XjB) (v e ) - b E V~ l {(t) • 0" riv ). 


(9.4) 
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But since mD is p-globally generated, we have OxirnD) = O x • and hence 

,_1 ord^a^) = — ord£j(.D). 


m 


Using (9.4) and ^e(E ■ C n ) = (Xq ■ C n ) = V, we infer 


-V- 1 ^ - </> tliv ) • r) = -V- 1 (D ■ C n ) < S-'H^W) - • Civ) 


and the result follows by the definition of / NA and by Proposition |7.8| 


□ 


Proof of Theorem 9.2. The implication (i)=£-(ii) follows from Proposition 9.16, and (ii)=>(iii) 
is trivial. Now assume that (iii) holds. If ( X , B) is not kit, Proposition 9.9 yields a closed 


4.10 


subscheme Z C X with A(x,b)( v ) < 0 for all Rees valuations v of Z. By Corollary 
we can thus find a normal, ample test configuration (X,C) such that Ai x ,b)(, v e) < 0 for 
each non-trivial irreducible component E of Xq . The corresponding non-Archimedean metric 
4> E ?7 NA therefore satisfies H^ A (0) < 0, which contradicts (iii). □ 

9.6. The Kahler-Einstein case. 


Proof of Corollary\9.3[ The implication (iii)^=^(i) follows from Th eore m 9.1 and (i i)=> (iii) 


is trivial. Now assume (i), so that H E A > 0 on 77 NA by Theorem 

fNA _ jjNA 
1 B B 

get Mg A > ^ J NA , which proves (ii 


9.1 


By Lemma 


have Mg A = H E A + (/ NA — J NA ), while / NA — J NA > ^J NA by Proposition 

(iii). 


7.8 


7.25 


we 
We thus 
□ 


Proof of Corollary \9-4\ If K(x,b) is numerically trivial, then Lemma 7.25 gives Mg = H 


The result is thus a direct consequence of Theorem 9.1 and Theorem |9.2[ 


l B 


□ 


Proof of Corollary \9.6[ Lemma 7.25 yields Mg = H E A — (J NA — J NA ). The K-semistability 


of (X,B) thus means that H E A > I NA — J 1 , and hence H E A > A J NA by Proposition 
By Theorem 9.2 this implies that (X,B) is kit. 


7.8 


□ 


The following result gives a slightly more precise version of the computations of jOSa!2l 
Theorem 1.4] and |Derl5bl Theorem 3.24], 

Proposition 9.17. Let B be an effective boundary on X such that (X,B) is kit and L := 
—K( X ,b) is ample. Assume also that e := let {{X, B)\ L) — > 0. Then we have 

n + 1 


M N A > £j NA > 


-eJ 


NA 


n 


In particular, the polarized pair (( X , B); L) is uniformly K-stable. 

we have M NA 


Proof. By Proposition 


9.16 


> 


7 na , and hence 


M 


NA 


B — 


> e/ NA + ( J iNA - 


tNA 


1 


-/■ 


NA 


n + 1 


The result follows since we have 


n + 1 


I NA < J 


NA 


< 


n 


r NA 


n - 


by Proposition 7.8 


□ 
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Appendix A. Asymptotic Riemann-Roch on a normal variety 


The following result is of course well-known, but we provide a proof for lack of suitable 
reference. In particular, the sketch provided in |Odal3al Lemma 3.5] assumes that the line 
bundle in question is ample, which is not enough for the application to the intersection 
theoretic formula for the Donaldson-Futaki invariant (cf. (iv) in Proposition 3.12). 

Theorem A.l. If Z is a proper normal variety of dimension d, defined over an algebraically 
closed field k, and L is a line bundle on Z, then 


,d—l 


X (Z,mL) = (L‘)- i i-(K z .L -~) 


+ 0(m' 


d- 2\ 


A proof in characteristic 0. When Z is smooth, the result follows from the Riemann-Roch 
formula, which reads 


*(Z,mI)=/(l + ei (mI) + ... + 5^)( 


1 + ^P + ... 


Assume now that Z is normal, pick a resolution of singularities //: Z' —> Z and set L' := /i*L. 
The Leray spectral sequence and the projection formula imply that 

X{Z', ml!) = ^(-l) J x (Z. O z {mL) <g> R 3 ii*O z >) ■ 


Since Z is normal, /r is an isomorphism outside a set of codimension at least 2. As a result, 
for each j > 1 the support of the coherent sheaf R 3 pL*Oz’ has codimension at least 2, and 
hence \ {Z- Oz(jnL ) ® R 3 ^Oz r ) = 0(m d ~ 2 ) (cf. KletHi . §1]). We thus get 


X (Z, ml) = X (Z', mL') + 0(m d ~ 2 ) = - (K z , ■ L*- 1 ) , + 0(m' 


d-2\ 


dl v * 2(d — 1)! 

and the projection formula yields the desired result, since fi*Kz' = Kz as cycle classes. □ 


The general case. By Chow’s lemma, there exists a birational morphism Z’ -A Z with Z' 
projective and normal. By the same argument as above, it is enough to prove the result for 
Z ', and we may thus assume that Z is projective to begin with. 

We argue by induction on d. The case d = 0 is clear, so assume d > 1 and let H be a very 
ample line bundle on Z such that L + H is also very ample. By the Bertini type theorem for 
normality of |Fle77i Satz 5.2], general elements B E |iTj and A E \L + H\ are also normal, 
with L = A — B. The short exact sequence 

0 -» Oz{{in + 1)L — A) —> Oz(rnL ) OsijnL) — > 0 

shows that 

X{Z, (m + 1)L - A) = x{Z,m.L) - x(B,mL). 

We similarly find 

X(Z, (m + 1 )L) = X (Z , (m + 1)L - A) + X (A (m + 1)L), 

and hence 

X(Z, (m + 1 )L) - x(Z, mL) = X (A, (m + 1 )L) - x(R, mL). 

Since A and B are normal Cartier divisors on X , the adjunction formulae Ka = {Kz + 
A)\a and Kb = (K z + B)\b hold, as they are equalities between Weil divisor classes on a 
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normal variety that hold outside a closed subset of codimension at least 2. By the induction 
hypothesis, we thus get 


X(Z, (m + 1 )L) - X (Z, mnL) 
= (L d ~ l ■ A) 

- (L d ~ l ■ B) 

, 7 

= {L 


m d 1 m d 2 
(d — 1 )! + (d — 2)1 


- ( (K z + A) ■ A - L 


cl-2 


m 


d—2 


2{d — 2 )! 


m 


d -1 


(d~ 1 )! 

„d -1 


+ (tfz + B) ■ B ■ L 


d—2 


m 


d—2 


2(d — 2 )! 


+ 0(rri 


d—3 \ 


id-1) 


+ 


(L d ) — \{K Z ■ L a ~ l ) 


d-u 


m 


d—2 


+ 0(777' 


d-3\ 


J (d — 2)1 

= P(m + 1) — P(m) + 0(m rf ~ 3 ), 


with 


The result follows. 


,<z -1 




□ 


Appendix B. The equivariant Riemann-Roch theorem for schemes 

We summarize the general equivariant Riemann-Roch theorem for schemes, which extends 
to the equivariant setting the results of (Full Chap. 18], and is due to Edidin-Graham [ EG98I 
iEG00| . We then use the case G = G m to provide an alternative proof of Theorem 

Let G be a linear algebraic group, and X be a scheme with a G-action. The Grothendieck 
group Kq(X) of virtual G-linearized vector bundles forms a commutative ring with respect 
to tensor products, and is functorial under pull-back by G-equivariant morphisms. On the 
other hand, the Grothendieck group Kq(X) of virtual G-linearized coherent sheaves on X is 
a /Cg,(A)-module with respect to tensor products, and every proper G-equivariant morphism 
/: X —>• Y induces a push-forward homomorphism f\: Kq(X) —y Kq(Y) defined by 

fm :=E(-1 )W*n 

qeN 

Note that iv^.(SpecA:) = A'o ? (Specfc) can be identified with the representation ring R(G), so 
that all the above abelian groups are in particular i?(G)-modules. 

Equivariant Chow homology and cohomology groups are constructed in [EG98], building 
on an idea of Totaro. The G-equivariant Chow cohomology ring 

CHoPO = ©CHjpO 

d€ N 

can have CHg.(A) 7 ^ 0 for infinitely many d 6 N, and we set 

CH*,.(A) = H CU d G (X). 
deN 

The G-equivariant first Chern class defines a morphism cf: Pic G (A) —> CHq(X), which 
is an isomorphism when X is smooth [EG981 Corollary 1], In particular, we have natural 
isomorphisms 

Hom(G, G m ) ~ Pic G (Specfc) ~ CHg.(Spec k). 


3.1 
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The G-equivariant Chern character is a ring homomorphism 

ch G : K° g (X) -> CH G ( 

functorial with respect to pull-back and such that 


ch G (A) = e c ?^ = 


de N 


for a G-linearized line bundle L. 

On the other hand, the G-equivariant Chow homology group 

ch g (a) = ®ch g (a) 


is a CH£(A)-module, with CH^(A) ■ CH G (A) C CH p _ d (A). While CH G (A) = 0 for p > 
dim A, it is in general non-zero for infinitely many (negative) p in general, and we set again 

CH^(X) = []CH g (X), 

p&z 


a CH G (X)-module. 

By definition, we have an isomorphism 


CHg mX (X) 


CH dimX (X) = ® Z[Xy 


with A 'i the top-dimensional irreducible components of X. When X is smooth and pure 
dimensional, the action of CH G (X) on the equivariant fundamental class \X\q g CH G im ^(A") 
defines a ‘Poincare duality’ isomorphism 


CH g (X) ~ CH G imX _ d (X). 


~G 


Via the Chern character, both A' G (X) and CH. (X)q become A' G (X)-modules, and the 
general Riemann-Roch theorem of !KC()() . Theorem 3.1] constructs a A" G (X)-inodule homo¬ 
morphism 


-G 


G 


T<J : Kq (X) — > CH. (X’)q = H CH p 

p<dimX 

functorial with respect to push-forward under proper equivariant morphisms, and normalized 
by t( 1) = 1 on .A G (Spec k), so that r G = ch G on R(G). The equivariant Todd class of A is de¬ 
fined Td G (A') := t g (G_y)> with top-dimensional part Td G (A) dim x = [X]g £ CH G imX (A)Q. 

When X is proper, the equivariant Euler characteristic of a G-linearized coherent sheaf J~ 
on X is defined as 

X G (X,J r ) := ch G (7r ! [J']) G CH G (Spec k)q ~ CH G d (Spec k)q 

dm 

with 7r: X — y Spec k the structure morphism. Equivalently, it can be viewed The functionality 
of t g with respect to push-forward by n then yields the equivariant Riemann-Roch formula , 
which reads 

X G (X , A) = 7r* (ch G (A) • Td G (A)) (B.l) 

for every G-linearized vector bundle E on X. 
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Alternative proof of Theorem \3.1\ Let (X,L) be a polarized scheme with a C m -action. The 
argument consists in unraveling the above general results when G = G m . By [EG97 . Lemma 
2], we have a canonical identification 

CH^(Spec Ife) ~Z 

for all d£N, with respect to which the equivariant Chern character 

ch G - : R(G m ) -> ll CH G ^(Spec/ c)q ~ Q N 
deN 


7de n' 


sends a G m -module V = ® AgZ V\ to the sequence ez W dim 

Since H q (X,mL ) = 0 for q > 0 and m 3> 1, the equivariant Euler characteristic of a 
G m -linearized coherent sheaf T on X is given by 


X 


.Gn 


A 


(X.X)= dim H°(X,mL) x 


\\ez 


(B.2) 


deN 


and the equivariant Riemann-Roch formula (|B.1|) therefore shows that 


x d 


^ — dim H°{X,mL) x = (vr* (e mc i m(L) • Td ( 


xez 


—d 


in CH_^(Specfc)Q ~ Q, with ir: X —> Spec k is the structure morphism. Since the top¬ 
dimensional part of Td Gm (X) is the equivariant fundamental cycle [X]G m G CH Gm (X), we 
get a polynomial expansion 


\d n+d . . 

Y,-dimH 0 (X,mL) x = j^^tt, (c?”(L)"+ i • [V]g„) + 


xez 


(B.3) 

□ 


with 7r* [cf m (L) n+d ■ G CH G ”( (Spec A;) ~ Z. 

Remark B.l. Comparing the two proofs of Theorem \3.1\ we see in particular that 

(cf"(L)"+ J . [X] Cm ) = c 1 (L d r+ d ■ [. X d ]. 

This equality probably follows directly from the construction of equivariant cohomology, since [EG981 


§3.1] implies that 
for i > n — d. 


CHf™(X) ~ CR i+d (X d ) 
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